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Abstract

We present analytical expressions for the probability density function (PDF) of
the random mutual information between transmitted and received vector signals
of a random space-time independent and identically distributed (i.i.d.) multiple-
input multiple-output (MIMO) channel, assuming that the transmitted signals from
the multiple antennas are Gaussian i.i.d.. We show that this PDF can be well
approximated by a Gaussian distribution, and such a Gaussian approximation is
based on expressions for the given PDF’s mean and variance that we derive. We
prove that at high SNR, every 3 dB increase in signal to noise ratio (SNR) leads
to an increase in outage rate approximately equal to min(M, N), where M and
N denote the number of transmit- and receive-antennas, respectively. A simple
expression for the moment generating function of the mutual information PDF is
also provided, based on which we establish normality of the PDF, when both M
and N are large, and the SNR is large.

1 Introduction

Employing multiple antennas at the transmitter and/or the receiver end has attracted
much attention recently because of the potential for very high spectral efficiencies [4,8,9].
A problem of great interest is therefore the ultimate limit of transmission rate achievable
when deploying multiple antennas: the capacity. In wireless links, the fading multiple-
input multiple-output (MIMO) channel is modeled as random. When the channel vari-
ation is slow, the channel can be estimated relatively accurately at the receiver. By
assuming perfect channel state information (CSI) at the receiver but no CSI at the
transmitter, it has been shown that the (ergodic) capacity is achieved by sending uncor-
related circularly symmetric zero mean complex Gaussian signals of equal power from
all the transmit antennas [8]. When CSI is known also at the transmitter, water-filling
type of power allocation achieves the capacity [8]. When CSI is neither known at the
transmitter nor the receiver, capacity-achieving signaling matrix has derived in [5].

Let M denote the number of transmit-antennas, and N the number of receive-
antennas. Suppose the transmitter does not have CSI, and thus transmits complex

∗This work was supported by the NSF Wireless Initiative Grant No. 99-79443, the NSF Grant No.
01-0516, and by the ARL/CTA Grant No. DAAD 19-01-2-011.
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Gaussian signals with equal power splitting among the M transmit antennas, while the
receiver has perfect CSI. For each realization of the random MIMO channel, there is an
associated mutual information between the transmitted and the received signals. This
mutual information, conditioned on the channel realization, is a random variable due
to the randomness of the channel. The probability that the conditional mutual infor-
mation is less than a given rate R is termed the mutual information outage probability.
Finding this outage probability, as a function of R, is therefore equivalent to finding
the probability distribution function of the conditional mutual information. The outage
probability for the case of one transmit or one receive antenna is relatively easy to derive;
see [8]. When there are multiple transmit and multiple receive antennas, Monte-Carlo
simulations have been presented in [4], together with some lower bound results. Recently,
some asymptotic results have been obtained for a large number of transmit and/or re-
ceive antennas, where it is shown that the asymptotic mutual information is Gaussian
distributed [5].

In this paper, we consider an arbitrary number of transmit and receive antennas, and
derive exact formulas for the outage probability that can be numerically evaluated. We
also derive some asymptotic results for large signal-to-noise ratio (SNR), but for a finite
number of transmit and receive antennas.

Notation: Bold face lowercase (uppercase) letters denote column vectors (matrices);
()H denotes Hermitian conjugate; log() denotes the base-two logarithm, and ln() denotes
the natural logarithm; det[aij]

k−1
ij=0 is the determinant of the k × k matrix whose (i, j)th

entry, starting from (0, 0)th, is aij; E[·] denotes expectation; tr(A) is the trace of a matrix
A; and Γ(x) :=

∫
∞

0
e−ttx−1 dt.

2 System Model and Existing Results

Consider a MIMO channel with M inputs and N outputs. Let s be an M × 1 vector
denoting the transmitted symbols, x an N × 1 vector denoting the received symbols, n

an N × 1 noise vector with independent zero-mean complex Gaussian noise entries with
variance N0/2 per real component, and H an N ×M complex mixing matrix, known to
the receiver. The MIMO channel can be represented as

x = Hs + n. (1)

Assuming zero-mean complex Gaussian s with autocorrelation matrix Rss = E[ssH], the
mutual information between s and x, conditioned on H is given by1 [8]

I(H,Rss) := I(s,x|H) = log det(IN +
1

N0

HRssH
H) = log det(IM +

1

N0

RssH
HH). (2)

The (average or ergodic) capacity C of the channel is defined as

C = max
Rss

E[I(H,Rss)], subject to tr(Rss) = P , (3)

where P is the total transmit power, and the expectation is with respect to the channel
H. From now on, we assume that:
(AS1) H has i.i.d. zero-mean complex Gaussian entries of unit variance.

1We distinguish between the concept of mutual information and capacity: we use the term capacity
only in the Shannon sense. Our terminology is the same as that of [8]; it is therefore different from,
e.g., [1,4,5], where I(H,Rss) with Rss = (Es/M)IM is referred to as the capacity for the MIMO channel.
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It is shown in [8] that the ergodic capacity for an H obeying AS1) is achieved by
Rss = (P/M)IM . The capacity is also evaluated as an integral in [8].

When the transmitter does not have CSI and assumes Rss = (P/M)IM , we use I to
denote the mutual information between s and x:

I = log det(IN +
ρ

M
HHH) =

k−1∑

i=0

log(1 + λiρ/M), (4)

where λi is the ith unordered eigenvalue of HHH, starting from index i = 0. As a
function of the random channel H, I is a random variable. Let ρ :=P/N0 denote the
SNR per receive antenna. The mutual information outage probability or simply outage
probability Pout(R;M,N, ρ) is defined as

Pout(R;M,N, ρ) := Pr[I < R], (5)

from which it is clear that the outage probability is nothing but the probability distri-
bution function of the random variable I. Using the matrix identity det(IN + AB) =
det(IM + BA), where A and B are N ×M and M ×N matrices, respectively, it is easy
to verify that under AS1)

Pout(R;M,N, ρ) = Pout(R;N,M,
N

M
ρ), (6)

which shows the asymmetry between M and N . The reason is that the total receive SNR
increases when N increases, but remains the same when M increases.

Some existing results about the mutual information, when both M and N are greater
than 1, are presented below (when M = 1 or N = 1, the derivation is simple; see [4]):

i) Bounds on mutual information [4]. When M > N ,

M∑

k=M−N+1

log[1 + (ρ/M) · χ2
2k] < I <

M∑

i=1

log[1 + (ρ/M) · χ2
2N,i], (7)

where {χ2
2k : k = M − N + 1, . . . ,M} are independent chi-square variates with the

given degrees of freedom as subscripts, and {χ2
2N,i : i = 1, . . . ,M} are independent

chi-square variates each with 2N degrees of freedom. Equation (7) should be inter-
preted in a probabilistic sense: Two random variables A and B satisfy inequality
A < B if Pr(B < τ) < Pr(A < τ), for any τ . When M = N = n, it can be
shown that as n→ ∞, the lower bound, i.e., the left hand side of (7), divided by n,
converges to a constant:

n−1

n∑

k=1

log[1 + (ρ/n) · χ2
2k] → (1 + ρ−1) log(1 + ρ) − log(e), as n→ ∞. (8)

It has been deduced from this lower bound analysis and numerical tests (Monte-
Carlo simulations) that for large SNR, there is about n bits per cycle increase in the
rate R for each 3dB increase in SNR, for a fixed outage probability [4].

ii) Asymptotic distribution of I for large M and/or large N [5]. For all the four following
cases, the distribution of I can be well approximated by a Gaussian distribution: i)
large M and fixed N ; ii) large N and fixed M ; iii) large M , large N , and low SNR;
and iv) large M , large N , and high SNR.
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3 Main Results

Instead of looking only at asymptotic cases, we will derive in this section an expression
for the outage probability that can be numerically evaluated accurately and quickly for
practical values ofM andN , beyond which the asymptotic results of [5] becomes accurate.
We will present our result in theorems, whose proofs are collected in the appendix.

3.1 PDF of outage mutual information

Theorem 1 [Outage probability] Let k = min(M,N), and d = max(M,N) − k. The
moment generating function (MGF) of I is

ΦI(s) :=E[e−Is] = B−1 det[G(s)], (9)

where B =
∏k

i=1 Γ(d+ i), and G(s) is a k × k Hankel matrix whose (i, j)th entry is

gij(s) =

∫
∞

0

(

1 +
ρ

M
λ
)−s

λi+j+de−λ dλ, i, j = 0, . . . , k − 1. (10)

The probability density function (PDF) of I is the inverse Laplace transform of ΦI(s),
and the outage probability is given by the inverse Laplace transform of s−1ΦI(s):

Pout(R;M,N, ρ) =
1

2πj

∫ σ+j∞

σ−j∞

s−1ΦI(s)e
sR ds, (11)

where σ is a fixed positive number.

Notice that Theorem 1 neither assumes M or N large, nor it requires the SNR to be
small or large. It offers an effective way of evaluating the outage probability for practical
values of M and N . The integral in (10) can be evaluated either numerically or by using
its hypergeometric series expansion of it obtained (using MathematicaTM) as:

gij(s) =πΓ−1(s) csc[π (d+ i+ j − s)]·
[
(ρ/M)−1−d−i−j Γ(1 + d+ i+ j) 1F̄1(1 + d+ i+ j, 2 + d+ i+ j − s,M/ρ)−
(ρ/M)−s Γ(s) 1F̄1(s,−d− i− j + s,M/ρ)

]
,

where csc(z) = 1/ sin(z); 1F̄1 is the regularized confluent hypergeometric function:

1F̄1(a, b, z) = 1F1(a, b, z)/Γ(b), and 1F1 stands for the confluent hypergeometric func-
tion [3]. The inverse Laplace transform in (11) can also be evaluated numerically using
efficient algorithms such as [2], a MATLAB implementation of which [6], was used in the
ensuing examples.

As an application example, we depict in Fig. 1 the PDF of I for M = N = 3, and
different SNR values from 0 to 20 dB. We have the following observations:

i) the PDF takes a Gaussian-like shape for all the SNR values ρ considered;

ii) naturally, the mean increases with SNR, and the increase for high SNR is linearly
proportional to the SNR increase in dB;

iii) the variance also increases with SNR, and at high SNR, the variance converges to a
fixed number;
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Figure 1: PDF of I for M = N = 3 and different SNR’s

iv) the mess of the PDF is mostly above a certain level (e.g., for SNR=20dB, the PDF
is nearly zero for I < 10 bits)

Observation iv) suggests that although the capacity in the Shannon sense does not
exist per channel realization, the outage probability can be quite small for reasonably
high rates.

3.2 Outage Rate

For a fixed level of outage probability ε, we define the outage rate as the rate R for which
the outage probability is at the given level ε; i.e.,

Rout(ε;M,N, ρ) := argR [Pout(R;M,N, ρ) = ε]. (12)

In order to find the outage rate for a given ε using Theorem 1, we can perform
a bisection search over a starting interval, on whose left (right) boundary the outage
probability takes values less (greater) than ε. As an example, we plot in Fig. 2 the
outage rate for ε = 10%, for different SNR values and different number of antennas.

The following remarks are due on this example:

i) the slope of the curves converges to a constant at high SNR (the curves tend to
straight lines);

ii) the asymptotic slope increases, when we increase both M and N . The numerical
values corresponding to the graph are reported in Table 1.

We have also supported these observations analytically, as we summarize next (see
the appendix for proof):

Theorem 2 At high SNR, the slope of the outage rate curve (number of bits versus SNR
in dB) is log(100.1) min(M,N) bits per dB, or, about 0.9966 · min(M,N) bits per 3 dB.

We remark that the results we obtained in Fig. 2 match well with a similar result
in [1, Fig. 2] that was obtained by Monte-Carlo simulation. This corroborates the validity
of Theorem 1.
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Figure 2: 10% outage rate for different SNR and M = N = 1, 2, . . . , 8

3.3 Gaussian Approximation

Based on the observation that the PDF of I resembles that of a Gaussian random vari-
able, we approximate it by a Gaussian distribution with equal mean and variance, as
summarized in the following theorem.

Theorem 3 Define the functions φ̃i(λ) :=[i!/(i + d)!]
1

2 Ld
i (λ)λ

d
2 e−

λ
2 , where i = 0, 1, ...,

and Ld
i (λ) := 1

i!
eλλ−d di

dλi (e
−λλd+i) is the associated Laguerre polynomial of order i. Define

also K(x, y) :=
∑k−1

i=0 φ̃i(x)φ̃i(y).. The Gaussian approximation to the PDF of I in (11)

is given by p(I;M,N, ρ) ≈ (
√

2πσI)
−1 exp[−(I − µI)

2/(2σ2
I )], where µI =

∫
∞

0
log(1 +

λρ/M)K(λ, λ) dλ and

σ2
I =

∫
∞

0

log2(1 + λρ/M)K(λ, λ) dλ

−
∫

∞

0

∫
∞

0

log(1 + λ1ρ/M) log(1 + λ2ρ/M)K2(λ1, λ2) dλ1 dλ2.

(13)

To illustrate the usefulness of Theorem 3, we show in Fig. 1 the Gaussian approximations
to the PDF. We can see that for virtually all SNR values, the Gaussian fit is surprisingly
good. The Gaussianity can be intuitively explained by a central limit argument: the mu-
tual information I can be written as a sum of log(·) random variables that are correlated
(see (4)). Should they be uncorrelated, we would be able to apply the classical central
limit theorem directly. But here the eigenvalues are statistically dependent. The proof
for normality for large M or large N , or, when both M and N are large and the SNR is
either very small or very large, can be found in [5]. The missing part in the whole picture
is when both M and N are large, but the SNR is neither too small nor too large.

4 Discussion

It has been shown that at high SNR and for large M and large N , the mutual informa-
tion is approximately Gaussian distributed [5]. The proof in [5] resorts to a Lyapunov
condition for a triangular array type of central limit theorem. It is possible to achieve
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M = N 0dB 5dB 10dB 15dB 20dB 25dB 30dB
1 0.15 0.41 1.04 2.11 3.53 5.10 6.73
2 0.97 2.13 3.89 6.10 8.72 11.71 14.91
3 1.80 3.76 6.60 10.15 14.16 18.57 23.30
4 2.64 5.41 9.32 14.16 19.63 25.53 31.78
5 3.48 7.04 12.04 18.19 25.10 32.52 40.28
6 4.31 8.67 14.76 22.21 30.57 39.52 48.87
7 5.15 10.31 17.48 26.24 36.04 46.53 57.45
8 5.99 11.94 20.21 30.25 41.52 53.52 66.05

Table 1: 10% outage rate for different SNR’s from 0 to 30 dB and M = N = 1, 2, . . . , 8

the same goal of proving normality by noticing that for large ρ the MGF of the mutual
information in Theorem 1 can be written as a product of gamma functions:

ΦI(s) ≈ B−1(ρ/M)−sk

k−1∏

i=0

Γ(i+ d− s+ 1). (14)

This can be obtained by invoking the approximation (1 + λiρ/M) ≈ λiρ/M , factoring
out all the elements in the first row of matrix G(s), and performing row reduction. Let
us now consider the polygamma functions [3]

ψ0(z) = −γ +
z−1∑

j=1

1

j
, for integer z (15)

ψn(z) =
dn+1

dzn+1
ln[Γ(z)] = (−1)n+1n!

∞∑

j=0

1

(z + j)n+1
= (−1)n+1n!ζ(n+ 1, z), n ≥ 1

(16)

for z = i + d + 1, where ζ(a, z) is the Hurwitz zeta function and γ = 0.5772 . . . is the
Euler-Mascheroni constant [3]. Taking the logarithm of (14), we can write ln[ΦI(s)] as

ln[ΦI(s)] ≈ −sk ln(ρ/M) +
∞∑

n=1

c(n)sn, (17)

where the coefficient c(n) for sn can be expressed using the polygamma functions as:

c(1) = kγ −
k−1∑

i=0

i∑

j=1

1

j + d
(18)

c(n) =
1

n

k−1∑

i=0

ζ(n, i+ d+ 1) =
1

n

k−1∑

i=0

∞∑

j=0

1

(i+ j + d+ 1)n
, n > 1. (19)

By approximating the series using integrals, it can be shown that {c(n)} converge to
some constant as k → ∞, for any n > 2. For n = 2, however, using the following
asymptotics [5]

ζ(2, n) =
1

n
+Rn,

k∑

i=1

1

i
= ln(k) + γ + o(1), (20)
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where Rn is negligible compared with 1/n, we infer that c(2) grows logarithmically with

k: c(2) = ln(k + d) − ∑d
i=1

1
i

+ γ + o(1). For n = 1, it can be seen by definition that

−c(1) grows in the same order as
∫ k+d

d
ln(x) dx, which is even larger in magnitude than

c(2) ≈ ln(k+d)− ln(d), for large k. Therefore, the dominant terms in ln[ΦI(s)] are those
of s and s2. Or, for large k, ΦI(s) ≈ exp[(−k ln(ρ/M) + c(1))s + c(2)s2], which is the
MGF of a Gaussian PDF with mean −c(1) + k ln(ρ/M), and variance 2c(2). This proves
the normality of the PDF of interest.

The difference in the proof given here relative to the one in [5] is that the complete
MGF of I is given by (17) which not only allows for a more intuitive understanding of the
nature of the problem of interest, but also enables estimating the speed of convergence
to normality as k grows. The formulas for the mean and the variance in this analysis are
less important because the exact values for them (instead of the high SNR approximants)
have been already given in Theorem 3.

The fact that for large k, the mean is much larger than the square root of the variance
is a sign of “channel hardening” [5]. It shows that when both M and N get large, the
capacity behaves more and more like a deterministic quantity. In this sense, the Shannon
capacity exists, and is infinite in the limit of infinitely many antennas at both sides.

5 Conclusions

We have derived analytic expressions for the probability density function of the random
mutual information between the transmitted and the received vector signals of a random
space-time i.i.d. MIMO channel, assuming that the transmitted signals from the multiple
antennas are independent and Gaussian. The outage probability is also given in a closed
integral form. The expressions are easy to evaluate numerically for any practical setup.
As an application example, we presented the PDF of a 3 × 3 MIMO channel for SNR
ranging from 0 to 20 dB. It was observed that the PDF can be well approximated by
Gaussian densities. We have given formulas for the mean and the variance of the mutual
information, which allow for accurate and simple Gaussian approximations to the PDF.

Outage rate can also be evaluated by numerically solving a single variable equation.
We showed as an example the outage rate for n×n MIMO channels with n varying from
1 to 8, for SNR ranging from 0 to 30 dB. We established that at high SNR, the outage
rate increases about min(M,N) bits for every 3 dB increase in SNR, with M transmit
and N receive antennas.

A Proof of Theorem 1

To prove Theorem 1, we first provide several lemmas. Define the functions φ̃i(λ) :=[i!/(i+

d)!]
1

2 Ld
i (λ)λ

d
2 e−

λ
2 , where i = 0, 1, ..., and Ld

i (λ) := 1
i!
eλλ−d di

dλi (e
−λλd+i) is the associated

Laguerre polynomial of order i. Let
∫ k

:=
∫

∞

0

∫
∞

0
· · ·

∫
∞

0
︸ ︷︷ ︸

k

and dkx := dx0 . . . dxk−1.

Lemma 1 [8] [Joint PDF of eigenvalues of HHH] Let H be a k×n matrix, where n ≥ k.
The joint PDF of the unordered eigenvalues of HHH is

p(λ0, . . . , λk−1) = Cn,k

∏

i

e−λiλn−k
i

∏

i<j

(λi − λj)
2 =

1

k!
det 2[φ̃i(λj)]

k−1
ij=0 (21)

where Cn,k is a normalizing factor. �
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Lemma 2 Let {fi(x) : i = 0, 1, . . . , N − 1} be N functions for which the following
integrals exist (i.e.,they decay fast enough at infinity). It holds that

∫ k

det 2[fi(xj)]
k−1
ij=0 dkx = k! det[Fij]

k
ij=0, (22)

where Fij =
∫

∞

0
fi(x)fj(x) dx.

Proof: Gram’s result states the following [7, Appendix A.13]: Let vi, i = 1, 2, . . . , k,
be m vectors and let viα, α = 1, 2, . . . , n, be their components along some basis.
Form the scalar products bij = (vi,vj) =

∑n
α=1 viαv

∗

jα, i, j = 1, 2, . . . ,m; where

(·)∗ stands for conjugate, then det[bij]
m
ij=1 = 1

m!

∑

α1,α2,...,αm
det 2[viαj

]mij=1, where on the
right hand side the sum is over all possible ways of choosing α1, α2, . . . , αm among
1, 2, . . . ,m. The desired result (22) can be proved by making the correspondences:
m → k, viα → fi(x), and

∑

α →
∫
∞

0
dx. The conjugate in the scalar product is im-

material and can be dropped even for complex functions fi(·)’s, because Gram’s result
is an algebraic one that does not depend on the scalar product properties. It can be
noticed that the range of integration is not essential in the statement of the lemma: any
interval would have worked equally well. �

We now prove the theorem itself. Consider the moment generating function of I; that
is, ΦI(s) := E[e−Is]. Using the PDF of Lemma 1, we have

ΦI(s) = CM,N

∫ k ∏

i

e−λiλd
i (1 + λiρ/M)−s

∏

i<j

(λi − λj)
2 dkλ,

where CM,N is a normalizing constant. Now writing
∏

i<j(λi − λj) as the squared Van-

dermonde determinant det[λj
i ]

k−1
ij=0, and defining fi,s(λ) = [e−λλd(1 + λρ/M)−s]

1

2λi, we

can rewrite ΦI(s) as CM,N det2[fi,s(λj)]
k−1
ij=0. Applying Lemma 2, we obtain ΦI(s) =

(k!CM,N) det[gij(s)]
k−1
ij=0, where gij(s) =

∫
∞

0

(
1 + ρ

M
λ
)−s

λi+j+de−λ dλ, i, j = 0, . . . , k − 1.
In order to figure out the constant in ΦI(s), we notice that ΦI(0) = 1, because the integral
of any PDF is one. We have gij(0) = Γ(i+ j+d+1), and B := det[Γ(i+ j+d+1)]k−1

ij=0 =
∏k−1

i=0 Γ(i + d + 1), which is the product of the first row elements in the matrix (it can
be proved by factoring out the first row elements from each column followed by row
reduction). Therefore, k!CM,N = B−1 and (9) is thus proved.

To prove (11), we only need to notice that the Laplace transform of
∫ x

∞
f(x)dx is the

Laplace transform of f(x), divided by s. �

B Proof of Theorem 2

An intuitively appealing proof is the following: For large ρ, the term ρ/M in (4) will
dominate the sum 1 + λiρ/M as long as λi is non-zero. Therefore, for large ρ, I ≈
k log(ρ) +

∑k−1
i=0 log(λi/M). As a result, every dB increase in ρ will only result in an

increase of k log(100.1) bits in the mean of I. Therefore, for any fixed outage probability
ε, the outage rate at high SNR will increase k log(100.1) bits for every dB increase in
SNR. Equivalently, since k := min(M,N), this amounts to about 0.9966 min(M,N) or
just min(M,N) bits increase for every 3 dB increase in SNR.

This intuitive proof relies on the fact that the probability of λi being “small” is
negligible. A more rigorous proof can be established by noticing that in (10) the constant
1 can be omitted for large ρ. Then for every dB increase in ρ, gij(s) will be scaled by

10s/10, which means the determinant will be scaled by 10sk/10, or e(k ln 100.1)s. It follows
from (11) that the outage rate will increase by k ln 100.1 nats, or, k log(100.1) bits. �
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C Proof of Theorem 3

Since the Gaussian approximant matches the PDF of I in the mean and variance, we
only need to derive the mean µI and and variance σ2

I . We need the following lemma.

Lemma 3 [Joint PDF of a few eigenvalues] Let the joint distribution of {λi}k−1
i=0 be

p(λ0, . . . , λk−1) = 1
k!

det 2[φi(λj)]
k−1
ij=0, where φi(λ) are orthonormal functions such that

∫
φi(λ)φj(λ) = δij. Define K(x, y) :=

∑k−1
i=0 φi(x)φi(y). Then the joint density of

any m of the k eigenvalues (m ≤ k), say, λ0, . . . , λm−1, is p(λ0, . . . , λm−1) =
(k−m)!

k!
det[K(λi, λj)]

m−1
ij=0 .

Proof: The proof is essentially the same as the derivation in [7, Sec. 6.1.1], except
for some normalizations. �

Specializing the result in Lemma 3 to the case of Lemma 1, we only need to re-
place φi(·) by φ̃i(·), where the latter has been defined at the beginning of this appendix.
Specifically, the densities for one and two eigenvalues are, respectively,

p(λ) =
1

k
K(λ, λ), and p(λ0, λ1) =

1

k(k − 1)
[K(λ0, λ0)K(λ1, λ1) −K2(λ0, λ1)], (23)

where in the last equation we have used that K(x, y) = K(y, x).
Now, using (4), we have

µI = E

[
k−1∑

i=0

log(1 + λiρ/M)

]

= kE[log(1 + λ0ρ/M)] =

∫
∞

0

log(1 + λρ/M)K(λ, λ) dλ,

and σ2
I can be obtained using p(λ0, λ1) and Lemma 2.

Notice that the marginal density p(λ) and µI have also been derived in [8]. �
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