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Abstlact — A full-diversity full-rate (FDFR) designwas
developedrecently to enablean uncodedlayeredspace-time
(LST) systento achieve full-diversity (NN, ) andfull-rate (N
symbolsper channeluse) simultaneouslyfor ary nhumberof
transmitantennad\; andreceve antennas\,. In this paper
we investicate the performanceof a codedFDFR systemob-
tainedby concatenatingnerror control coding(ECC) module
andan FDFRmodulewith arandominterleaverin betweenIt-
eratve decodings performedattherecever. With R denoting
the ECCrate,andd the minimumHammingdistanceanover
all transferrate of RcN¢ symbolsper channeluseand a full
diversityorderdN{N, areachieved. Comparedvith codedV-
BLAST, without sacri cing ratethe codedFDFR systenoffers
evidentperformancemprovementwhenrelatively weakcodes
areused.As N, increasesevensuchastrongcodeasrate1/2
turbo codescanbene t from FDFR. Speci cally, 1:5dB gain
overcodedV-BLAST isobtainedn a2 2 antennasetupwhen
cornvolutional codesor rate 3/4 turbo codesare used. 0:5dB
gainis offeredin a2 5 setupwhenratel/2turbocodeis used.
Thepricepaidis increasedcompleity.
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I. INTRODUCTION

High rate and high performanceare the ultimate goals of
modernwirelesscommunications. Theseare challengedby
multiplicative channelfading and additive Gaussiamoise ef-
fects. Traditional error control coding (ECC) over the Galois

eld (GF)copewith thenoiseandfadingby addingredundanyg,

andthussacri cing spectralef ciency; while otherefforts aim
to mitigate the channelfading by exploiting diversity avors
in otherdimensions.Linear complex eld (LCF) codingand
space-timgST) codingaretwo such a vors,in themodulation
andspatialdimensionsrespectrely. By concatenatingnLCF

coderandanLST mappeiproperly therecentlydevelopedfull-

diversity full rate (FDFR) design[1] enablesan uncodedlay-

eredST (LST) systemto have full diversity (N¢N,) andfull-

rate (N; symbolsper channeluse)simultaneouslywhereN;

and N, denotethe numberof transmitand of receve anten-
nas,respectiely. Jointconsideratiorof ECC andLCF coding
(LCFC)in ST setupswvaspursuedalsoin [2]. Althoughthetri-

angularST mapperdevelopedin [2] enabledull diversityorder
dN;¢N;, whered is theminimumHammingdistanceor freedis-
tanceof ECC,theoverall transferrateis only abouthalf of the
maximumpossible.
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Fig.1. thecodedFDFRsystemmodel

The performanceof uncoded~DFR and[2] motivate us to
investicate the performanceof a joint ECC and FDFR system
in this paper We will particularlyconsiderrelatively “weakly”
codedFDFR architectureswhich rely on the concatenatiomf
ECC, LCFC and ST multiplexing at the transmittey and soft-
to-hardspheredecoding(SHD-SD)[3] with iterative detection
at the recever. This considerationis meaningful since un-
der practicalcompl«ity anddelay constrainsthosecapacity-
approachindeCC's suchasratel/2 turbocodeq TC) with large
interleaver size [3, 4], or LDPC codeswith large block size,
cannotbeused.Otheralternatvessuchascorvolutionalcodes
(CC) have to be consideredAnotheroptionis a highrateECC
(e.g.,arate 3/4 TC) that could be usedat the transmitterto
meethigh datarate demands.In both caseswe will shav by
simulationsthat the FDFR designoffers notableperformance
improvementby enablingfull spatialdiversitywithoutsacri c-
ing rate.

Il. SYSTEM MODEL

ThecodedFDFR systemmodelis depictedn Figurel. The
informationbits b are rst encodedy anECCmoduleto yield
¢, andthengothrougharandominterlearer . Interleavedbits
€ aremappedo symbolss adheringto a certainconstellation;
s is thenfed to the FDFR moduleto outputN? symbolsper



FDFR codedblock. EachFDFR block is dividedinto N sub-
blockswith sub-blockengthequalto N¢. Let sy denotethegth
Nt 1sub-block(g = 1;:::;N¢), whoseentriesf sg. kgk 4, are
dravn from a comple mte aIphabeIS The sub-blocksy is
rst codedto obtain

Ug = (1)
where 4 := is theLCF encoders, is ascalayand
is choserfrom the classof unitary Vandermondenatrices:

9Sg;

g 1l

= plw_tFN[diag[l; ooy Ne g )
whereFy, istheN; N; FFT matrixwith (m + 1;n + 1)st
entrye 12 m=Nt  denotedHermitiantranspositionand is
ascalar Threedesignapproachetor and (or equivalently
) have beenderived to enablefull-diversity and full-rate in
[1]. TheLCF codedsymbolsf uggggl thengothroughanLST
mapperandaretransmittedhroughN; antennassfollows:
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whereugy(k) denoteghekth entryof vectorug. Let T denote
transpositiorands := [s];:::;s{ ]" denoteoneFDFRblock.

With  standingfor Kronecler's product, ,T denotingtheith
row of , andby de ning the permutationmatrix P; andthe
diagonalmatrixD , respectiely, as:

0 i 1

Pi =
! INg i+1 0

and D :=diag[l; ;:::;

we obtaintheequivalentFDFR encodeffor theentireblock as
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(PiD) |
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WeuseH todenoteheN; N; MIMO channetoefcient ma-
trix betweentransmitandreceve antennaswhich is assumed
to beconstanbver eachFDFRblock. Thus,the channematrix
for theN; transmittedvectorscanbewritten as:
H:=1y, H: (5)

Let yx denotethe kth N, 1 receved vector y =
Yii:iiyp, ]T nx denotethe kth Ny 1 noisevector and

n = [n;::5;nf 7. Theinput-outputrelationshipis then
[1]:

y=HsS +n=Hegs+n; (6)
wherethe equivalentchanneimatrix for the entireFDFR block
iSHeq=H

At the recever end, iteratve decodingis carried out to
achieve an overall nearML performance. Two modules,in-
dexed by subscripts; and ,, perform the soft decodingfor

FDFR and ECC, respectiely. Extrinsic information aboutc
denotedas g from onedecodingmoduleis interleaveredor
deinterleaeredto yield a priori informationaboutc denotechs

a for the othermodule. After a certainnumberof iterations
or afteracertainbit errorrate(BER) is achievzed, harddecision
b is madebasedn the posterioriinformationaboutb denoted
as p» fromtheECCdecodingmodule.

Inside each module, the optimal maximum a posteriori
(MAP) decoderwhetherit operatesver the GaloisField (GF)
or over thereal/comple eld (RCF), requirescompleity ex-
ponentiafto theblock size,or the constellatiorsize,in general.
Several nearoptimal algorithmswith polynomial compleity
have beendevelopedfor the GF and the RCF casesrespec-
tively. Thosefor decodingover GF are pretty standardvhen
CCor TC areused.We adoptthe socalledlog-MAP algorithm
todecodeCCandTC [5] in this paper We usethenearoptimal
SHD-SDschemeslevelopedin [3] to decodeFDFR for QPSK
signalling.Otherconstellationsvill beconsideredater.

Comparedvith codedV-BLAST, thesystenmodelof which
is obtainedby replacingthe entireFDFR designmodulewith a
serialto parallelcorverterin Figure 1, both systemshave the
sametransferrate R,  N; symbolsper channeluse,for the
sameECC rate R.. However, the performanceanalysispre-
sentechext will shaw thatthe diversity orderenabledby coded
FDFR is N; timesthat enabledby codedV-BLAST. In this
paper we focus on the performancecomparisorbetweenthe
codedFDFRandthe codedV-BLAST systems.Sowe usethe
sameSHD-SD 2 [3] to decodethe MIMO channelsin both
systems.Notice that the equivalentchannelmatrix H ¢q is an
NZ N2 comple matrix, which implies a considerablen-
creasen decodingcompleity relative to V-BLAST with block
sizeN; in thesameantennaetupf thesamedecodingscheme
is usedfor both. A lowercompleity decodefor FDFRis post-
ponedfor thefutureresearch.

I1l. PERFORMANCE ANALYSIS

We hereresortto the pairwiseerror probability (PEP)anal-
ysisto analyzethe performanceof codedFDFR. Considertwo
differentinformationbit sequenceb™ andb"™'. They yield
two codavordsch andc™ after ECC. Thesetwo codavords
differ from eachotherin W positions. Underthe assumption
thattheinterleaver israndomandsufciently long,aftercon-
stellationmapping thetwo symbolsequences™ ands™' still
have W differentsymbols,andthe positionswherethey differ
arespreadfar away from eachother Therefore,in ary FDFR
blockthevectorss(k)™' ands(k)™' differ in atmostonesym-
bol, wherek 2 [1;K] indexesthe FDFR block, andK is the
numberof FDFRblocks.

After LCF coding, LST mapping,and the physical chan-
nel H(k), the equivalent channelmatrix for the kth FDFR
blockis H eq(K). Theresultingsymbolvectorsaref z(k)"™! =
Heg(K)S(K)™ g, and f2(K) = Heq(k)s(k) g, .
AmongK blocks,only W of themaredifferent. Without caus-
ing confusionwe will usef z(w)™ gW_, andf z(w)™ g!'_, to
denotehem.Whens(w)™ ands(w)™ aredifferentin themth
symbol, the Euclideandistancebetweenz(w)™ and z(w)"™



(7)

whereheqm (W) is the mth columnof the equivalentchannel
matrix H eq(W), andj sm(w)j? is the Euclideandistancebe-
tweenthetwo differentsymbolss, (w)™ andsy, (W)™ . With

2 standingfor the minimum Euclideandistancebetweentwo
symbolswe have that

iizw)™  z(W)®i% = jihegm (Wii%] sm (W)j%;

i smw)ji? % (8)
SinceHeq = H , by thede nitions of H in (5) and in
(4), whenthemth symbolis in thegth FDFR sub-block then

X Wi . . 5
Thig (W)J%T g:(5m)l
i=1 j=1

iNegm (W)ji? = jiH (W) nii? =

X X "
jhij (w)j<;

i=1 j=1

=(1=Ny) 9)

where , isthemth columnof , h;; (w) isthe(i; j )th entry
of H(w), and g.(j.m) isthe(j; m mod N¢)thentryof 4. Eq.
(9) is truebecausall entriesof 4 have equalnorm1="Nj.

From (7), (8) and(9), the overall Euclideandistanceof this
two sequencesbeys

= _hli h2i:: 2 2 XV %r %t H 2
lizg"  zw'i =N jheg (w)j<:

w=1 w=l i=1 j=1

The pairwiseerror probability for a given channelrealization,
Pion = P(c™ ! c"™jf H,g), canbeupperboundedas:

S
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P1.ojH );
R P 9 .
whereQ(x) = [ (1= 2 )exp( =2)d . Usingthe cher
noff boundQ(x)  (1=2)exp( x2=2) andaveragingover the

complex Gaussiardistribution of theh's, we obtain

P12

1=2(1+ ) W

4NNy (10)
Eq. (10) shows that a diversity orderof WNN, is achieved
for the PEP After applyingthe unionboundto all errorevents,
we canfurther shav that a diversity orderdN¢N, is achieved
for theBER, whered is the minimumHammingdistanceof the
block ECC,or thefreedistanceof the CC. Thedetailedproofis
omitteddueto spacdimitation. Thediversityorderof codedv-
BLAST canbesimilarly shovn to bedN,. CodedFDFR thus
enablesdiversityorderN, timeshigherthancodedV-BLAST.

IV. SIMULATIONS

We carriedout simulationswith differentECC's for QPSK
signalling.We herecompargheBER performancef thecoded
V-BLAST andFDFR systemsusingthe soft-to-hardspherede-
coder(SHD-SD2)of [3]. Theinterleaver sizeis chosento be

2X2, frmlen=2", iteration 1, 2/3
T
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Fig. 2.  1/2 corvolutional codeswith FDFR v.s. 1/2 corvolutional
codeswith V-BLAST in2 2 setup

2x2, frmlen=1000,iter=1,2/3/4, iter, =5
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—— turbo34 fdfr

EbNOdB

Fig. 3.  3/4 turbo codeswith FDFR v.s. 3/4 turbo codeswith V-
BLASTin2 2setup

210, Thechannelsarefasti.i.d. at fading,remainingconstant
within an FDFR block but independenbetweerFDFR blocks.
In each gure, thecurveswith thesamemarlerareBER curves
for the samesystem(eithercodedV-BLAST or codedFDFR)

atdifferentiterations.

Simulation 1: Figures2 and3 depictBER performanceeom-

parisonbetweercodedV-BLAST andcodedFDFR,whenrela-

tively weakcodeg CCandhighrateTC) areusedaseECCmod-

ulesina2 2antennasetup.BER curveswith twoiterationsare
shawn, becaus¢hegain afterthe 2rd iterationfor bothsystems
wasnegligible. We userate1/2 CC with memory2, feedback
polynomialG, (D) = 1+ D + D2, andfeedforwardpolynomial
G(D) = 1+ D?2. About 1:5dB gain at BER=10 4 is offered
by the FDFR designwhen CC is used. We also userate 3/4

parallelconcatenatedorvolutionalcodes(PCCC)in Figure3,

composedf two CC modulesparameterizeds abose. The

puncturingpattenusedretainedall systematidits andtook one
bit every 6 bits from eachcodedstream. Five iterationsare
performednsidethedecodingmodulefor rate3/4 turbocodes.
Two outeriterationsare performedbetweenthe two decoding
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Fig. 4.  1/2 turbo codeswith FDFR v.s. 1/2 turbo codeswith V-
BLASTin2 2setup

2x5, QPSK, frmlen=2"0, iter_ =3, iter. =5
out in
10°
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Fig. 5.  1/2 turbo codeswith FDFR v.s. 1/2 turbo codeswith V-
BLASTin2 5setup

modules Figures3 shavs the performanceomparisorfor rate
3/4 turbo codesin a2 2 setup. In this case,codedFDFR
outperformscodedV-BLAST by about2dB.

Simulation 2: In this simulation,we usearate1/2 PCCCcon-
structedaswith the rate 3=4 PCCCexceptfor the puncturing
patten. Here we keepall the systematicbits and every other
bit from eachcodedstream. Figure 4 depictsthe comparison
ina2 2 setupwith threeouteriterations. Five iterationsare
performednsidethedecodingmodulefor rate1/2 turbocodes.
We obsere that the codedV-BLAST systemoutperformsthe
codedFDFR systemabout0:1dB. It is reasonablghat when
suchastrongcodeas1/2 TCis usedwith N, = N¢, no perfor
manceimprovementwith FDFR s obtained.At low SNR, the
performancemprovementis broughtmainly throughthe cod-
ing gain. Sincethe FDFR designis non-redundant-DFR has
no positive effectatlow SNR.FDFRenhancetheperformance
by providing extra diversity, the effect of which is notableat
high SNR. However, whenwe usestrongcodessuchasa rate
1=2 TC, at high SNR the diversity gainsarealreadyhigh (i.e.,
the slopeof the BER curwve is alreadyvery steep). Therefore,

the extra diversity provided by FDFR s not usefulis this case.
The reasoncodedFDFR yields to codedV-BLAST might be
thefactthatastheMIMO block sizeincreaseshedecodingoe-
comesdlessaccurate Figure5 shavs the samecomparisorin a
2 5 setup. By increasingN,, both codedFDFR and coded
V-BLAST bene t from the extra enepgy collectedandthe extra
diversity provided by N, receve antennasBut the turbo gain
betweeriterationshecomesmaller We furtherobsere thatin
the2 5casegventhecodedLST systemwith ratel/2TC can
bene t from the FDFR designby about0:5dB over the coded
V-BLAST system.

Remark: From Figures2 to 5, we canobsere an evident it-
eratve gain betweeniterationsfor both codedV-BLAST and
codedFDFR. This obsenationis differentfrom the conclusion
in [6] thatnoimprovementis broughtby performingouteriter-
ationsbetweerthespace-timelecodingnoduleandthedecod-
ing modulefor outercode. This is becauséhe assertiorin [6]
hasbeenestablishednly for space-timeorthogonaldesigns,
wherethe equivalentchannelis diagonalandthusthe a priori
informationfrom othersymbolsprovidesno extra information
for the currentsymbol. This clearly doesnot hold for FDFR
andV-BLAST.

V. CONCLUSIONS

In thispapemwe investigatedthe performancef acodedfull-
diversityfull-rate (FDFR)system.For any numberof N; trans-
mit andN, receive antennagndrateR. errorcontrol coding,
highrate(R:N; symbolsperchannelse)andhighdiversityor-
der(dN¢N,) areachiered. Comparedvith its codedV-BLAST
counterpartcodedFDFR improves performancewithout sac-
ricing rate. The price paid is increasein compleity. How
to softly decodeFDFR with low compleity is anissueworth
pursuing.
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