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Abstract — A full-diversity full-rate (FDFR) designwas
developedrecently, to enablean uncodedlayeredspace-time
(LST) systemto achievefull-diversity(N t N r ) andfull-rate(N t

symbolsper channeluse)simultaneously, for any numberof
transmitantennasN t andreceive antennasN r . In this paper,
we investigate the performanceof a codedFDFR systemob-
tainedby concatenatinganerrorcontrolcoding(ECC)module
andanFDFRmodulewith a randominterleaver in between.It-
erativedecodingis performedat thereceiver. With Rc denoting
theECCrate,andd theminimumHammingdistance,anover-
all transferrate of RcN t symbolsper channeluseand a full
diversityorderdNt N r areachieved. Comparedwith codedV-
BLAST, withoutsacri�cing ratethecodedFDFRsystemoffers
evidentperformanceimprovementwhenrelatively weakcodes
areused.As N r increases,evensucha strongcodeasrate1/2
turbo codescanbene�t from FDFR. Speci�cally, 1:5dB gain
overcodedV-BLAST is obtainedin a2� 2 antennasetupwhen
convolutional codesor rate 3/4 turbo codesare used. 0:5dB
gain is offeredin a2� 5 setupwhenrate1/2turbocodeis used.
Thepricepaidis increasedcomplexity.
Keywords: space-time,high rate,diversity, V-BLAST, FDFR

I . INTRODUCTION

High rate and high performanceare the ultimate goalsof
modernwirelesscommunications. Theseare challengedby
multiplicative channelfadingandadditive Gaussiannoiseef-
fects. Traditionalerror control coding(ECC) over the Galois
�eld (GF)copewith thenoiseandfadingbyaddingredundancy,
andthussacri�cing spectralef�ciency; while otherefforts aim
to mitigate the channelfading by exploiting diversity �a vors
in otherdimensions.Linear complex �eld (LCF) codingand
space-time(ST) codingaretwo such�a vors,in themodulation
andspatialdimensions,respectively. By concatenatinganLCF
coderandanLST mapperproperly, therecentlydevelopedfull-
diversity full rate(FDFR) design[1] enablesan uncodedlay-
eredST (LST) systemto have full diversity (N t N r ) andfull-
rate (N t symbolsper channeluse)simultaneously, whereN t

and N r denotethe numberof transmitand of receive anten-
nas,respectively. Jointconsiderationof ECCandLCF coding
(LCFC) in ST setupswaspursuedalsoin [2]. Althoughthetri-
angularSTmapperdevelopedin [2] enablesfull diversityorder
dNt N r , whered is theminimumHammingdistanceor freedis-
tanceof ECC,theoverall transferrateis only abouthalf of the
maximumpossible.
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Fig. 1. thecodedFDFRsystemmodel

The performanceof uncodedFDFR and[2] motivateus to
investigatethe performanceof a joint ECC andFDFR system
in this paper. We will particularlyconsiderrelatively “weakly”
codedFDFRarchitectures,which rely on theconcatenationof
ECC,LCFC andST multiplexing at the transmitter, andsoft-
to-hardspheredecoding(SHD-SD)[3] with iterative detection
at the receiver. This considerationis meaningfulsince un-
der practicalcomplexity anddelayconstrains,thosecapacity-
approachingECC'ssuchasrate1/2turbocodes(TC) with large
interleaver size [3, 4], or LDPC codeswith large block size,
cannotbeused.Otheralternativessuchasconvolutionalcodes
(CC) have to beconsidered.Anotheroptionis a high rateECC
(e.g., a rate 3/4 TC) that could be usedat the transmitterto
meethigh dataratedemands.In both cases,we will show by
simulationsthat the FDFR designoffers notableperformance
improvementby enablingfull spatialdiversitywithoutsacri�c-
ing rate.

I I . SYSTEM MODEL

ThecodedFDFRsystemmodelis depictedin Figure1. The
informationbitsb are�rst encodedby anECCmoduleto yield
c, andthengo througharandominterleaver � . Interleavedbits
~c aremappedto symbolss adheringto a certainconstellation;
s is then fed to the FDFR moduleto outputN 2

t symbolsper



2

FDFRcodedblock. EachFDFRblock is divided into N t sub-
blockswith sub-blocklengthequalto N t . Let sg denotethegth
N t � 1 sub-block(g = 1; : : : ; N t ), whoseentriesf sg;k gN t

k=1 are
drawn from a complex �nite alphabetS. The sub-blocksg is
�rst codedto obtain

ug = � gsg; g = 1; : : : ; N t ; (1)

where� g := � g� 1� is theLCF encoders,� is ascalar, and�
is chosenfrom theclassof unitaryVandermondematrices:

� =
1

p
N t

F �
N t

diag[1; � ; : : : ; � N t � 1]; (2)

whereFN t is theN t � N t FFT matrix with (m + 1; n + 1)st
entrye� j 2� mn= N t , � denotesHermitiantransposition,and� is
a scalar. Threedesignapproachesfor � and� (or equivalently
� ) have beenderived to enablefull-diversity and full-rate in
[1]. TheLCF codedsymbolsf uggN t

g=1 thengo throughanLST
mapper, andaretransmittedthroughN t antennasasfollows:
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whereug(k) denotesthekth entryof vectorug. Let T denote
transpositionands := [sT

1 ; : : : ; sT
N t

]T denoteoneFDFRblock.
With 
 standingfor Kronecker's product,� T

i denotingthe i th
row of � , andby de�ning the permutationmatrix P i andthe
diagonalmatrixD � , respectively, as:

P i :=
�

0 I i � 1

I N t � i +1 0

�
and D � := diag[1; � ; : : : ; � N t � 1];

weobtaintheequivalentFDFRencoderfor theentireblockas

� :=

2

6
4

(P 1D � ) 
 � T
1

...
(P N t D � ) 
 � T

N t

3

7
5 : (4)

WeuseH todenotetheN r � N t MIMO channelcoef�cient ma-
trix betweentransmitandreceive antennas,which is assumed
to beconstantovereachFDFRblock. Thus,thechannelmatrix
for theN t transmittedvectorscanbewrittenas:

H := I N t 
 H : (5)

Let y k denote the kth N r � 1 received vector, y :=
[y T

1 ; : : : ; y T
N t

]T , nk denotethe kth N t � 1 noisevector, and
n := [nT

1 ; : : : ; nT
N t

]T . The input-outputrelationshipis then
[1]:

y = H �s + n = H eqs + n; (6)

wheretheequivalentchannelmatrix for theentireFDFRblock
is H eq = H � .

At the receiver end, iterative decodingis carried out to
achieve an overall near-ML performance. Two modules,in-
dexed by subscripts1 and 2, perform the soft decodingfor

FDFR and ECC, respectively. Extrinsic information aboutc
denotedas � E from onedecodingmoduleis interleaveredor
deinterleaveredto yield a priori informationaboutc denotedas
� A for the othermodule. After a certainnumberof iterations
or afteracertainbit errorrate(BER) is achieved,harddecision
b̂ is madebasedon theposteriori informationaboutb denoted
as� D 2 from theECCdecodingmodule.

Inside each module, the optimal maximum a posteriori
(MAP) decoder, whetherit operatesover theGaloisField (GF)
or over the real/complex �eld (RCF), requirescomplexity ex-
ponentialto theblocksize,or theconstellationsize,in general.
Several near-optimal algorithmswith polynomial complexity
have beendevelopedfor the GF and the RCF cases,respec-
tively. Thosefor decodingover GF arepretty standardwhen
CCor TC areused.Weadoptthesocalledlog-MAP algorithm
to decodeCCandTC [5] in thispaper. Weusethenear-optimal
SHD-SDschemesdevelopedin [3] to decodeFDFRfor QPSK
signalling.Otherconstellationswill beconsideredlater.

Comparedwith codedV-BLAST, thesystemmodelof which
is obtainedby replacingtheentireFDFRdesignmodulewith a
serial to parallelconverter in Figure1, both systemshave the
sametransferrateRc � N t symbolsper channeluse,for the
sameECC rate Rc. However, the performanceanalysispre-
sentednext will show thatthediversityorderenabledby coded
FDFR is N t times that enabledby codedV-BLAST. In this
paper, we focuson the performancecomparisonbetweenthe
codedFDFRandthecodedV-BLAST systems.Sowe usethe
sameSHD-SD 2 [3] to decodethe MIMO channelsin both
systems.Notice that the equivalentchannelmatrix H eq is an
N 2

t � N 2
r complex matrix, which implies a considerablein-

creasein decodingcomplexity relative to V-BLAST with block
sizeN t in thesameantennasetup,if thesamedecodingscheme
is usedfor both.A lowercomplexity decoderfor FDFRis post-
ponedfor thefutureresearch.

I I I . PERFORMANCE ANALYSIS

We hereresortto thepairwiseerrorprobability (PEP)anal-
ysis to analyzetheperformanceof codedFDFR.Considertwo
differentinformationbit sequencesbh1i andbh2i . They yield
two codewordsch1i andch2i afterECC.Thesetwo codewords
differ from eachother in W positions. Underthe assumption
thattheinterleaver � is randomandsuf�ciently long,aftercon-
stellationmapping,thetwo symbolsequencessh1i andsh2i still
have W differentsymbols,andthepositionswherethey differ
arespreadfar away from eachother. Therefore,in any FDFR
block thevectorss(k)h1i ands(k)h2i differ in atmostonesym-
bol, wherek 2 [1; K ] indexesthe FDFR block, andK is the
numberof FDFRblocks.

After LCF coding, LST mapping,and the physical chan-
nel H (k), the equivalent channelmatrix for the kth FDFR
block is H eq(k). Theresultingsymbolvectorsaref z(k)h1i =
H eq(k)s(k)h1i gK

k=1 and f z(k)h2i = H eq(k)s(k)h2i gK
k=1 .

AmongK blocks,only W of themaredifferent.Withoutcaus-
ing confusion,wewill usef z(w)h1i gW

w=1 andf z(w)h2i gW
w=1 to

denotethem.Whens(w)h1i ands(w)h2i aredifferentin themth
symbol, the Euclideandistancebetweenz(w)h1i andz(w)h2i
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is:

jjz(w)h1i � z(w)h2i jj2 = jjheq;m (w)jj2j� sm (w)j2; (7)

whereheq;m (w) is the mth columnof the equivalentchannel
matrix H eq(w), andj� sm (w)j2 is the Euclideandistancebe-
tweenthetwo differentsymbolssm (w)h1i andsm (w)h2i . With
� 2 standingfor the minimum Euclideandistancebetweentwo
symbols,wehave that

j� sm (w)j2 � � 2: (8)

SinceH eq = H � , by thede�nitions of H in (5) and� in
(4), whenthemth symbolis in thegth FDFRsub-block,then

jjheq;m (w)jj2 = jjH (w)� m jj2 =
N rX

i =1

N tX

j =1

jhi;j (w)j2j� g;( j ;m ) j
2

=(1 =N t )
N rX

i =1

N tX

j =1

jhi;j (w)j2; (9)

where� m is themth columnof � , hi;j (w) is the(i; j )th entry
of H (w), and� g;( j ;m ) is the(j ; m mod N t )th entryof � g. Eq.
(9) is truebecauseall entriesof � g have equalnorm1=

p
N t .

From(7), (8) and(9), theoverall Euclideandistanceof this
two sequencesobeys

d2
1;2 =

WX

w=1

jj zh1i
w � zh2i

w jj2 � � 2=N t

WX

w=1

N rX

i =1

N tX

j =1

jhr ;j (w)j2:

The pairwiseerror probability for a given channelrealization,
P1;2jH := P(ch1i ! ch2i jf H k g), canbeupperboundedas:

P1;2jH � Q(

s
� 2=N t

P W
w=1

P N r
i =1

P N t
j =1 jhr ;j (w)j2

2N0
);

whereQ(x) :=
R1

x (1=
p

2� )exp(� � 2=2)d� . Using thecher-
noff boundQ(x) � (1=2)exp(� x2=2) andaveragingover the
complex Gaussiandistributionof theh's,weobtain

P1;2 � 1=2(1 +
� 2

4N t N0
) � W N t N r (10)

Eq. (10) shows that a diversity orderof W N t N r is achieved
for thePEP. After applyingtheunionboundto all errorevents,
we canfurther show that a diversity orderdN t N r is achieved
for theBER,whered is theminimumHammingdistanceof the
blockECC,or thefreedistanceof theCC.Thedetailedproof is
omitteddueto spacelimitation. Thediversityorderof codedV-
BLAST canbesimilarly shown to bedNr . CodedFDFRthus
enablesadiversityorderN t timeshigherthancodedV-BLAST.

IV. SIMULATIONS

We carriedout simulationswith differentECC's for QPSK
signalling.WeherecomparetheBERperformanceof thecoded
V-BLAST andFDFRsystemsusingthesoft-to-hardspherede-
coder(SHD-SD2)of [3]. The interleaver sizeis chosento be
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210. Thechannelsarefasti.i.d. �at fading,remainingconstant
within anFDFRblock but independentbetweenFDFRblocks.
In each�gure, thecurveswith thesamemarkerareBERcurves
for the samesystem(eithercodedV-BLAST or codedFDFR)
atdifferentiterations.
Simulation 1: Figures2 and3 depictBER performancecom-
parisonbetweencodedV-BLAST andcodedFDFR,whenrela-
tively weakcodes(CCandhighrateTC) areusedasECCmod-
ulesin a2� 2 antennasetup.BERcurveswith two iterationsare
shown, becausethegainafterthe2rd iterationfor bothsystems
wasnegligible. We userate1/2 CC with memory2, feedback
polynomialGr (D ) = 1+ D + D 2, andfeedforwardpolynomial
G(D) = 1 + D 2. About 1:5dB gain at BER=10� 4 is offered
by the FDFR designwhenCC is used. We alsouserate3/4
parallelconcatenatedconvolutionalcodes(PCCC)in Figure3,
composedof two CC modulesparameterizedas above. The
puncturingpattenusedretainedall systematicbitsandtookone
bit every 6 bits from eachcodedstream. Five iterationsare
performedinsidethedecodingmodulefor rate3/4 turbocodes.
Two outer iterationsareperformedbetweenthe two decoding
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Fig. 5. 1/2 turbo codeswith FDFR v.s. 1/2 turbo codeswith V-
BLAST in 2 � 5 setup

modules.Figures3 shows theperformancecomparisonfor rate
3/4 turbo codesin a 2 � 2 setup. In this case,codedFDFR
outperformscodedV-BLAST by about2dB.
Simulation 2: In this simulation,we usea rate1/2 PCCCcon-
structedaswith the rate3=4 PCCCexcept for the puncturing
patten. Here we keepall the systematicbits and every other
bit from eachcodedstream. Figure4 depictsthe comparison
in a 2 � 2 setupwith threeouteriterations.Five iterationsare
performedinsidethedecodingmodulefor rate1/2 turbocodes.
We observe that the codedV-BLAST systemoutperformsthe
codedFDFR systemabout0:1dB. It is reasonablethat when
sucha strongcodeas1/2 TC is usedwith N r = N t , no perfor-
manceimprovementwith FDFRis obtained.At low SNR,the
performanceimprovementis broughtmainly throughthe cod-
ing gain. SincetheFDFRdesignis non-redundant,FDFRhas
nopositiveeffectat low SNR.FDFRenhancestheperformance
by providing extra diversity, the effect of which is notableat
high SNR.However, whenwe usestrongcodessuchasa rate
1=2 TC, at high SNRthediversitygainsarealreadyhigh (i.e.,
the slopeof the BER curve is alreadyvery steep).Therefore,

theextra diversityprovidedby FDFRis not usefulis this case.
The reasoncodedFDFR yields to codedV-BLAST might be
thefactthatastheMIMO blocksizeincreasesthedecodingbe-
comeslessaccurate.Figure5 shows thesamecomparisonin a
2 � 5 setup. By increasingN r , both codedFDFR andcoded
V-BLAST bene�t from theextraenergy collectedandtheextra
diversityprovidedby N r receive antennas.But the turbogain
betweeniterationsbecomessmaller. We furtherobserve thatin
the2� 5 case,eventhecodedLST systemwith rate1/2TC can
bene�t from the FDFR designby about0:5dB over the coded
V-BLAST system.
Remark: From Figures2 to 5, we canobserve an evident it-
erative gain betweeniterationsfor both codedV-BLAST and
codedFDFR.This observationis differentfrom theconclusion
in [6] thatno improvementis broughtby performingouteriter-
ationsbetweenthespace-timedecodingmoduleandthedecod-
ing modulefor outercode.This is becausetheassertionin [6]
hasbeenestablishedonly for space-timeorthogonaldesigns,
wheretheequivalentchannelis diagonalandthusthea priori
informationfrom othersymbolsprovidesno extra information
for the currentsymbol. This clearly doesnot hold for FDFR
andV-BLAST.

V. CONCLUSIONS

In thispaperweinvestigatedtheperformanceof acodedfull-
diversityfull-rate (FDFR)system.For any numberof N t trans-
mit andN r receive antennasandrateRc error-controlcoding,
highrate(RcN t symbolsperchanneluse)andhighdiversityor-
der(dNt N r ) areachieved.Comparedwith its codedV-BLAST
counterpart,codedFDFR improvesperformancewithout sac-
ri�cing rate. The price paid is increasein complexity. How
to softly decodeFDFR with low complexity is an issueworth
pursuing.
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