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ABSTRACT

Optimal transmitter designs obeying the water-filling principle
are well-documented, and widely applied when the propagation
channel is deterministically known, and regularly updated at the
transmitter. Because channel state information is impossible to
be known perfectly at the transmitter in practical wireless sys-
tems, we develop in this paper optimal transmitter design based
on the knowledge of mean values of the underlying channels. Ap-
plied to a multiple transmit-antenna paradigm, our optimal trans-
mitter design turns out to be an eigen-beamformer with multiple
beams pointing to orthogonal directions along the eigenvectors of
the channel correlation matrix conditioned on channel mean, and
with proper power loading across beams. The optimality pertains
to minimizing a tight bound on the symbol error rate. Coupled
with orthogonal space time block codes, two-directional eigen-
beamforming emerges as a more attractive choice than conven-
tional one-directional beamforming with uniformly improved per-
formance, without rate reduction.

1. INTRODUCTION

Multi-antenna diversity is well motivated for wireless communica-
tions through fading channels. Although receive-antenna diversity
has been widely applied in practice, in certain cases, €.g., cellular
downlink, multiple receive antennas may be expensive or imprac-
tical to deploy, which endeavors transmit-diversity systems.

Multi-antenna systems can further enhance performance and
capacity, when perfect or partial channel state information (CSI)
is made available at the transmitter [4, 8]. One particular form
of partial CSI is the noisy channel estimates. For example, the
receiver can feed back to the transmitter the unquantized (or quan-
tized) estimates of slowly time-varying wireless channels. Based
on noisy channel estimates, the transmitter obtains the knowledge
of the channel mean, while models the uncertainty about the chan-
nel around its mean value as an additive white Gaussian noise.

In this paper, we design optimal transmit-diversity precoders
for widely used constellations based on channel mean. Our
performance-oriented designs rely on the Chernoff bound on sym-
bol error rate (SER). The optimal precoder turns out to be a gen-
eralized beamformer with multiple beams pointing to orthogonal
directions along the eigenvectors of the channel correlation matrix
conditioned on the channel mean; hence the name, optimal trans-
mitter eigen-beamforming. The optimal eigen-beams are power
loaded according to a spatial water-filling principle.

To increase the data rate, we also develop parallel transmis-
sions equipped with orthogonal space time block coding (STBC)
[1,2, 7] across optimally loaded eigen-beams. Wedding optimal
precoding with orthogonal STBC leads to a two-directional eigen-
beamforming which turns out to enjoy uniformly better perfor-
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mance than the conventional one-directional beamforming, with-
out rate reduction. The combination of orthogonal STBC with
beamforming has also been studied in [3]. The major differences
between our approach and [3] are as follows: i) [3] starts from
a predetermined orthogonal space-time code and try to improve
the performance by a linear transformation (beamforming). We
start from general precoders, and the optimal transmitter leads it-
self naturally to the application of orthogonal STBC on optimally
loaded eigen-beams; ii) with mean feedback, {3] only proposed a
semi analytical solution, that relies on numerical search. We here
provide simple closed-form solutions, which are appealing for on-
line implementations. Notice also that in this paper, we only focus
on single receive antenna (the extension to multiple receive an-
tennas is provided in [9]), while [3] deals with multiple receive
antennas.

Notation: Bold upper (lower) letters denote matrices (column
vectors); (-)*, (-)7 and (-)* denote conjugate, transpose, and Her-
mitian transpose, respectively; |- | stands for the absolute value of a
scalar, and || - || for the Euclidean norm of a vector; E{-} stands for
expectation, tr{-} for the trace of a matrix; Re {-} stands for the
real part of a complex number; Ix denotes the identity matrix of
size K; Ok x p denotes an all-zero matrix with size K x P; diag(x)
stands for a diagonal matrix with x on its diagonal; [-], denotes
the pth entry of a vector. The special notation h ~ CN (—I;_,_E;.)
indicates that h is complex Gaussian distributed with mean h and
covariance 3.

2. SYSTEM MODEL

Fig. 1 depicts the block diagram of a transmit diversity system
with a single receive- and N; transmit- antennas. In the uth (u €
[1, N:]) transmit-antenna, each information-bearing symbol s(z) is
first spread by the code ¢, := [c,(0),...,cu(P — 1)]T of length
P to obtain the chip sequence: u,(n) =Y 2 s(i)cu(n—1iP).
The transmission channels are flat faded (frequency non-selective)
with complex fading coefficients {h, } ﬁ';l. The received samples
in the presence of additive white Gaussian noise w(n) are thus
given by:

oo N

zm)= Y 3 hucu(n—iP)s(@) +w(n). (1)

i=—o00 p=1

To cast (1) into a convenient matrix-vector form, we define the
P x 1 vectors x() := [z(¢P + 0),...,z(iP + P — 1)]7, and
w(i) ;= [w(iP +0),...,w(@EP + P —1)]"; the N; x 1 channel
vector h := [h1,...,hn,]T, and the P x N; spreading code ma-
trix C := [ey, - . ., cn, ). The block version of (1) can be re-written
as: x(i) = Chs(i) + w(z). Because we will focus on symbol by
symbol detection, we omit the symbol index ¢, and subsequently
deal with the input-output model

x = Chs +w. )
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Fig. 1. Discrete-time baseband equivalent model

At the receiver, we first acquire the channel h to enable maximum
ratio combining (MRC) using

g, .= [9(0),...,9(P — 1)] = (Ch)™. E))

The MRC receiver is known to maximize the signal to noise ratio
(SNR) at its output, that yields the symbol estimate § = Bibix =
h*CHx.

For a given precoder C, equation (3) specifies the optimal re-
ceiver g in the sense of maximizing the output SNR. The question
that arises is how to select an optimal precoder C if perfect or im-
perfect channel state information is available at the transmitter. In
this paper, we look for optimal C based on the channel mean.

3. OPTIMAL EIGEN-BEAMFORMING

Throughout this paper, we will adopt the following assumptions:
a0) the noise w ~ CA(0, NoIp).
al) based on partial CSI f(h), the transmitter infers that the con-
ditional channel b := h|f(h) has distribution CA/(h, a7y, ).
Assumption al) corresponds to the mean feedback in [8]. De-
pending on partial CSI, the desired parameters (h, o2) can be cal-
culated differently [4,8]. We highlight the following simple exam-
ple, and will use it in simulations.
Example 1 (delayed feedback) [4,8]: We assume that the trans-
mit antennas are well separated and the true channel coefficients
(Gaussian random variables with zero mean and variance o7) can
be feedback to the transmitter after delay D(PT.), i.e., f(h(i)) =
h(i — D). The channel feedback quality is determined by the cor-
relation coefficient p from E{h(i)h* (i — D)} = pojly,. Itis
shown in [4] that:

h=pf(h), or=oar(1—lal"). @

Our goal in this paper is to design optimal precoder C based
on a0) and al). In the following, we will first derive a closed-form
SER expression, that will facilitate our optimal precoder design.

Under al), we can express h = h + Ah, where Ah ~
CN(0,021y,). For each realization of Ah, the signal to noise
ratio at the MRC receiver output is

~ = E{|jh*C*Chs|*}/E{h*C*ww™Ch} )
=h*C*ChE, /Ny,

where E, := E{|s|?} is the average energy of the underlying sig-
nal constellation. Since the SER depends on the SNR differently
for different constellations, we will consider two widely used con-

stellations: M-ary phase shift keying (M -PSK), and square M-ary
quadrature amplitude modulation (M-QAM).

To simplify (5), we first pursue the following eigen-decomposition:
c*c =U.D.U*, D,.:=diag(és,...,0n,), (6)

where U, is unitary, and 8, denotes the uth eigenvalue of c*c,
that is non-negative: 8, > 0. Without loss of generality, we can
arrange 4, in an non-increasing order: 6 > --- > On,, by re-
ordering the eigenvectors in U..

Define b := U¥h = U¥h + Ah, where Ah := U¥Ah
has the same variance as Ah. Denote the uth entry of h as hy.
The SNR of (5) then reduces to

N,
=h*Dch E,/No = Z’Ym Vo = Oulhy |”Es/No. (1)
p=1
Notice that the SNR expression (7) coincides with that of the MRC
output for NV; independent channels [5], with -y, denoting the uth
subchannel’s SNR. Since the channel coefficient on each path |k, |
is Ricean distributed, the quality of each path is determined by two
important factors. The first is the Ricean factor:

Ky = I[U'cu F]ulz/az- ®)
The second is the average power for each subchannel
Yu =E{v} =4.(1 +’Cu)as2Es/N0- ©®

Averaging over the Ricean distributed Ry |, closed form SER ex-
pressions are then available [5, 6}:

1 (M=1)x/M Nt
Popsk =+ f 1 7uCiu, gpsx, 000, (10

p=1
boam ”/41111
Py qam = ,——/ I (u, 9@ aMm, 0)db
M Jo u=1

/2 Ny
+baase [ T] 1utiu, gaa, 0)d8, (A1)

/4 p=1

where bganm := 4(1—1/VM ) /=, and I,,(z, g,6) is the moment
generating function of the probability density function (p.d.f) of
|h,| evaluated at —gz/sin’ 6 [5, eq. (24)]. The constellation-
specific g is given by:

a2 1 _ 3
gpsk = sin (M)’ 9QAM = 5Ty (12
Because |h,| is Ricean distributed, the moment generating func-
tion I, (z, g, §) assumes the following form [5]:

(1+K,)sin®6 ( —K, gz )
(14+K,)sin? 6+gz P (1+K,)sin?+gz /)
Direct optimization based on the exact SER (10) and (11) turns out
to be difficult because of the integration involved. Instead, we rely
on a tight Chernoff bound on SER to design the optimal C, that
will enable simple closed-form precoder solutions.

Since I,.(z, g,0) peaks at @ = /2, the Chernoff bound for
the SER in (10), and (11) can be obtained in a unifying form [6]:

N¢
Ps,baund =« H I#('7,‘,g,7r/2)

u=1

N
B 1 -m«m)
“’El 1+5"/3*”‘P( T+0.8 )

I,‘(l‘,g,g) =

13)
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where for notational brevity we have defined
a:=(M~1)/M, B:=golEs/No, (149

with g taking constellation-specific values as in (12).

From (13), we next determine optimal U, and D.. Consider
the eigen decomposition of hh and the correlation matrix condi-
tioned on channel mean Ry, := E{hh*} as:

hh"’ = U,DAUY, Rj;, =Un(Ds+02In,)UE  (15)

where Dy, := diag(), 0, ...,0) with A := [|h||?, and U}, is uni-
tary. We prove in [9] the following result for optimal U,.
Corollary 1: Under a0) and al), the optimal U, is U, = Uy,
We next proceed to optimize D, with the optimal U,. We
impose the following constraint: tr{C*C} = tr{D.} = 1, s0
that the average transmitted power is Es per symbol. Adopting the
special notation [z]4 := max(z, 0), and defining
a:=(14+N;/B)?, c:=Ny(N; —1), 16
b:=[A/(Bal) + (1 + N./B)(2N: - 1)],

the optimal solution that minimizes P pound Under the power con-
straint is provided in [9] as:

2a 1
b+ vb? — dac ﬂL’ a7
81 =1—(N; —1)d,.

62=...=($Nt=[

Although (17) provides the optimal solution that can be efficiently
solved, we next derive a suboptimum but simpler solution. The
importance of this alternative approach lies in the fact that it allows
us to extend our results to multiple receive antennas [9].

It is well known that a Ricean distribution with Ricean factor
K. can be well approximated by a Nakagami distribution with
parameter m,, if m, = (1 + K,)?/(1 + 2K,) [6, p. 23]. The
moment generating function for the Nakagami distribution has a
simpler form [5,6]. We thus obtain another simple closed-form
solution in [9] as:

Soimm e = On, = 05 FEs/No > e
2 1= N¢ 0 Ea/No S Teh ’ (18)

81 =1—08(N:e - 1),

where

o
2

2/, 2
k) =__U¢_(”f_+£&__ 1+l Nt——/\— __l,
Neo2(a2+420)+A2 8 o2+2A B
= A (ot
Vth 7= god \o2+2))°
Both (17) and (18) guarantee that §; > --- > dn, [9]. Thus the
power loading obeys a water filling principle, by allocating more
power to stronger subchannels [8].

Having decided optimal U, and D, the optimal precoder C
can be expressed as

1 &) N
C=®D2ZU}, (19)
where the columns of & are orthonormal. The factorization of

C in (19) suggests that the optimal precoder is a generalized
beamformer with multiple beams pointing to orthogonal directions

along the eigenvectors of the channel correlation matrix condi-
tioned on the channel mean; thus, the name eigen-beamformer.
We summarize our results so far in the following.
Proposition 1: Suppose a0) and al) hold true. The optimum
receive-filter g,,ptl is given by (3), and the optimum precoding ma-

trix Copt = ®DZ U has U}, and D, formed as in (15), (6), (17)
or (18), with ® an arbitrary orthonormal P x N; matrix. Opti-
mality in gop: refers to maximum-SNR, while optimality in Copt
pertains to minimizing the Chernoff bound on the average symbol
error rate.

4. BEAMFORMING AND SPACE-TIME BLOCK CODING

In the system model (2), we transmit only one symbol over P time
slots (chip-periods), which essentially amounts to repetition cod-
ing (or a spread-spectrum) scheme. To overcome the associated
rate loss, it is possible to send K symbols, s1,. .., sx simultane-
ously, with optimal precoder C; = &; D, U} for s;. Certainly.
this would require symbol separation at the receiver. Fortunately, -
this degree of freedom can be afforded by our design in Section 3
because so far the ®,’s are only required to have orthonormal
columns. The desired means of data multiplexing that enables
symbol separability at the receiver is indeed possible through or-
thogonal space-time block coding (STBC) [1,2,7], as summarized
in the following for complex symbols; real symbols can be treated
similarly.

Let s¥ and s} denote the real and imaginary part of s, re-
spectively. The following orthogonal STBC designs are available
for complex symbols [2, 7]:

Definition:  For complex symbols {si = sff + jsi}:;l, and
P x N, matrices {®, W1 }X_, each having entries drawn from
{1,0, —1}, the space time coded matrix

K K
Ze=) ®isi+5 Y isi (20)
k=1 k=1

is termed a generalized complex orthogonal design (GCOD) in
variables {sk}f=‘ of size P x N¢ and rate K[P, if ZXrZ,. =

(22(:1 I"klz)INc [7].
For complex symbols s, = sZ+ jsi, we define two precoders
1
corresponding to {®y, ¥} as: Cr,1 = DU, and Cy2 =
¥, D2 U, The transmitted space-time coded matrix is now

K K
7= Crisf+j Crask =2.DIUY. @1

k=1 k=1

For the kth detector, the decision variable is formed by

v = Re{h* C} x} + jRe{~jh* Cl,x})

22
=h"U,D.UMhs; +wi, Vke€ [1,K], @
where wy, has variance Noh#* U, D, U#fl; and the second equal--
ity in (22) can be easily verified from the property of orthogonal
codes [2,9]. Notice that the SNR from (22) is the same as the
MRC output for the single symbol transmission studied in Sec-
tion 3; thus, the optimal loading enables space-time block coded
transmissions to minimize the Chernoff bound on SER, but with
symbol rate K/P.
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2D Beamforming, exact SER I
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Optimal loading, exact SER
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Fig. 2. SER versus E. /Ny (p = 0.6)

For complex symbols, a rate 1 GCOD only exists for N; = 2.
It corresponds to the well-known Alamouti code [1]:

81 82
Z =
€,2%X2 —S; SI

— space
J time @3)
For N; = 3, 4, rate 3/4 orthogonal STBC exist, while for N; > 4,
only rate 1/2 codes have been constructed [7], [2].

Therefore, for complex symbols, the Ni-directional eigen-
beamformer of (21) achieves optimal performance with no rate
loss only when N; = 2, and pays a rate penalty when V; > 2.
To tradeoff the optimal performance for a constant rate 1 trans-
mission, it is possible to construct a two-directional (2D) eigen-
beamformer with the Alamouti code applied to the strongest two
eigen-beams. Specifically, we can force Z, to be a 2 x N; matrix

Z, := [Zc,2x2, 0ax (N, —2))DE UY. (24)

Similarly, we can construct a one-directional (1D) beamformer.
Notice that if D has only one nonzero entry §; = 1, the 2D eigen-
beamformer reduces to the 1D beamformer, with s; and —s3 trans-
mitted during consecutive time-slots, as confirmed by (23).

5. NUMERICAL RESULTS

We consider an uniform linear array with N; = 4 antennas at the
transmitter, and a single antenna at the receiver. We assume that
the transmit antennas are well separated so that h ~ CA/(0, In,).
We consider a delayed channel feedback scenario as described in
Example 1. The quality of the channel feedback is thus determined
by the correlation coefficient p. We will present simulation results
for two constellations: QPSK (4-PSK), and 16-QAM. Simulation
results are averaged over 10,000 channel realizations.

‘We compared optimal power loading based on the Ricean dis-
tribution (17) with that based on Nakagami distribution (18). It
turns out that both approaches have almost identical performance
[9]. For this reason, we omit the comparison result, and subse-
quently plot only the performance of optimal power loading based
on (18).

Figs. 2 and 3 compare optimal power loading, equal power
loading, 1D beamforming and 2D beamforming, for both QPSK

1D Beamforming, exact SER
2D Beamforming, exact SER
Equal power loading, exact SER
Optimal loading, exact SER

0 12 14
E4/NO (dB)

Fig. 3. SER versus E, /Ny (p = 0.9)

and 16QAM. When the feedback quality is low with p = 0.6,
Fig. 2 shows that optimal power loading performs close to equal
power loading, while it considerably outperforms conventional
1D beamforming. On the other hand, when the feedback qual-
ity improves to p = 0.9, equal power loading is highly subopti-
mum. The conventional beamforming performs close to the op-
timal power loading at low SNR range, while it becomes inferior
at sufficiently high SNR. Notice that the 2D beamformer outper-
forms 1D beamformer uniformly, although both are suboptimal
when E, /Ny > 4:s, thus deviate from the optimal N;-directional
beamformer at the same time.

6. REFERENCES

[1] S. M. Alamouti, “A simple transmit diversity technique for
wireless communications,” /EEE JSAC, Oct. 1998.

[2] G. Ganesan and P. Stoica, “Space-time block codes: a maxi-
mum SNR approach,” IEEE Trans. on IT, May 2001.

[3] G. Jongren, M. Skoglund, and B. Ottersten, “Combin-
ing transmit beamforming and orthogonal space-time block
codes by utilizing side information,” Proc. of the Sensor
Array and Multichannel Sig. Proc. Workshop, pp. 153-157,
Mar. 2000.

[4] A. Narula, M. J. Lopez, M. D. Trott, and G. W. Wornell,
“Efficient use of side information in multiple-antenna data
transmission over fading channels,” JEEE JSAC, Oct. 1998.

[5]1 M. K. Simon and M.-S. Alouini, “A unified approach to the
performance analysis of digital communication over gener-
alized fading channels,” Proc. of the IEEE, Sept. 1998.

{6] M. K. Simon and M.-S. Alouini, Digital Communication
over Generalized Fading Channels: A Unified Approach to
the Performance Analysis,, John Wiley & Sons, Inc., 2000.

[7] V. Tarokh, H. Jafarkhani, and A. R. Calderbank, “Space-
time block codes from orthogonal designs,” IEEE Trans. on
IT, July 1999.

[8] E. Visotsky and U. Madhow, “Space-time transmit precoding

with imperfect feedback,” IEEE Transactions on IT, Sept.

2001.

S. Zhou and G. B. Giannakis, “Optimal transmitter eigen-

beamforming and space-time block coding based on channel

mean,” IEEE Trans. on SP, submitted October 2001.

[5

—

III - 2856



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 
	Intentional blank: This page is intentionally blank


