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Achievable Rates in Low-Power Relay
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Abstract—Relayed transmissions enable low-power communi-
cations among nodes (possibly separated by a large distance) in
wireless networks. Since the capacity of general relay channels
is unknown, we investigate the achievable rates of relayed trans-
missions over fading channels for two transmission schemes: the
block Markov coded and the time-division multiplexed (TDM)
transmissions. The normalized achievable minimum energy per
bit required for reliable communications is derived, which also
enables optimal power allocation between the source and the relay.
The time-sharing factor in TDM transmissions is optimized to im-
prove achievable rates. The region where relayed transmission can
provide a lower minimum energy per bit than direct transmission,
as well as the optimal relay placement for these two transmission
schemes, are also investigated. Numerical results delineate the
advantages of relayed, relative to direct, transmissions.

Index Terms—Fading channels, low-power transmissions, min-
imum energy per bit, relay channels, spectral efficiency.

1. INTRODUCTION

D HOC connectivity is an integral part of many emerging

applications, including wireless sensor and home net-
works [1]. Unlike well-structured wireless cellular systems,
where all communications are controlled by the base station, ad
hoc wireless networks do not have an established infrastructure.
Without an inherent infrastructure, nodes in ad hoc wireless
networks handle the control of communications by themselves.
Peer-to-peer communications are enabled either through a
direct link, or via relayed transmissions, where intermediate
nodes serve as relays to send packets toward their final destina-
tion. Relayed transmissions not only improve error-probability
performance [2]-[6], but also have the potential to increase
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the capacity of ad hoc wireless networks [7]. Since relayed
transmissions can mitigate the effects of path loss, they can
save transmit power, and also reduce interference among
nodes. This allows for frequency reuse, which increases the
network capacity. Relayed transmissions also provide a means
of effecting diversity to combat channel fading introduced by
the wireless interface. A node can transmit its signals directly
and through multiple relay paths to its destination. Since the
destination receives signals transmitted through multiple inde-
pendent paths, relaying introduces a form of diversity that is
known as cooperative diversity [8]-[11], because it is enabled
via cooperating relay nodes.

Although the capacity of the Gaussian degraded relay channel
was obtained in [12], only an upper bound on the capacity and
achievable rates of general relay channels were derived in [12].
The capacity and achievable rates of Gaussian relay channels
with multiple relays were studied in [13]-[17]; and the achiev-
able rates of Gaussian relay channels with time or frequency-di-
vision multiplexed (TDM/FDM) transmissions were considered
in [18]-[20]. Ergodic capacity of relay links over multi-input
multi-output (MIMO) fading channels was also investigated re-
cently in [21]. Since relayed transmissions can considerably
save the transmit power, while enabling communications be-
tween nodes separated by a large distance, they are particularly
attractive for low-power communications, such as those encoun-
tered with wireless sensor networks, where small, battery-pow-
ered sensors are deployed at each node. Upper and lower bounds
on the minimum energy per bit required for reliable communi-
cations over Gaussian relay channels were derived in [22].

In this paper, we investigate the achievable rates of relayed
transmissions over fading channels in the low-power regime,
using the tools developed in [23]. We consider the block Markov
coding (BMC) introduced by [12], as well as TDM transmis-
sions, and study the spectral efficiency of these two schemes
over wireless fading links. We derive the normalized achiev-
able minimum energy per bit, ( £y, /Ng ) min, required for reliable
communications, which, in turn, allows us to optimize the power
allocated between the source and the relay. We also optimize the
time-sharing factor in TDM transmissions to improve spectral
efficiency, and select the relay placement optimally to minimize
the (Eb/NO)nlin~

The rest of the paper is organized as follows. In Section II,
we first derive a lower bound on the ( £y, /Ng)min, and then ob-
tain the achievable (Fy, /Ng) min, the spectral efficiency of BMC,
and the optimal relay placement. TDM transmission schemes
are investigated in Section III; and numerical results are pre-
sented in Section I'V. Finally, we draw summarizing conclusions
in Section V.
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Fig. 1. System model of relayed transmissions.

II. BLOCK MARKOV TRANSMISSIONS

Fig. 1 depicts transmissions over a relay channel, where the
source (node 1) encodes the incoming information-bearing bits,
and transmits the resulting codewords. The relay (node 2) trans-
mits a codeword based on the received signal from the source;
the destination (node 3) jointly decodes the received signals
from both source and relay. We consider frequency-flat fading
channels, and denote the channel coefficient between nodes 7
and j as h;;. Throughout the paper, we assume that the channel
coefficients {h;;} are ergodic random processes. In practice,
nodes are surrounded by many local scatterers, and the distance
between any two nodes is much larger than the carrier wave-
length; hence, the corresponding channels are uncorrelated. We
also assume that /15 is known at the relay perfectly, and likewise
h1s and hog at the destination. The capacity of the Gaussian de-
graded relay channel was derived in [12]; however, the capacity
of general relay channels is unknown. Since we are interested in
low-power transmissions, instead of analyzing the channel ca-
pacity for each signal-to-noise ratio (SNR) value, we will use
the tools developed in [23] to study the performance of relayed
transmissions over fading channels in the low-power regime.

The two key performance measures in the low-power regime
are the normalized minimum energy per bit (Ep/Ng)min Te-
quired for reliable communication, and the slope of the spec-
tral efficiency at the point (Ep/No)min [23]. If the channel ca-
pacity is denoted by C'(SNR) nats/dimension, and the derivative
of C(SNR) at SNR = 0 is C(0), then the (Ej/No)min is given

by [23]
Eb 1Oge(2)
- =27 1
(N())min C(0> ( )

and the slope of spectral efficiency in bits/seconds/Hertz/(3 dB)
at (Ep/No)min is expressed as [23]
} 2
2 [C(o)}
—C(0)
where C(0) denotes the second derivative of C(SNR) at SNR
= 0.

In this section, after deriving a lower bound on the
(Eb/No)min, we will investigate the achievable rates based
on the BMC scheme introduced by [12]. This will lead us to
optimal relay selection.

A. Lower Bound on (Ey/No)min

Let us denote the transmitted symbols from the source and
from the relay as /Py and v/ Paxo, respectively. We assume
that E[|z1]?] = E[|z2?] = 1, where E[-] denotes the ex-
pectation over the random variables in parentheses, and let the

transmit power at the source and the relay be P; and P, respec-
tively. The received symbols at the relay and the destination can
thus be written, respectively, as

Y2 =/ Prhiaz1 + 1o
ys =/ Prhiszi + \/ Pahosta + ng 3)

where n5 and ng denote additive white Gaussian noise (AWGN)
with zero mean and variance Ny. It has been shown in [12] that
the capacity C' of the relay channel, depicted in Fig. 1, is upper
bounded as

C < sup min{I(z1;y2,yslz2), I(x1,225y3)} (4)

p(z1,22)
where p(z1,2) is the joint probability distribution of x; and
ro. Let P := P; + P, ﬂ = Pl/P, SNR := P/No, and
p = E[zi23]. Based on (3) and applying the ergodic capacity
expressions of, e.g., [24] for fading channels, we obtain
Ci:= sup I(z1;92,y3|r2)

p(z1,22)

=E [log (1+ 81— |p|?) (Jh12]* + |h13]*) SNR)]
Cy:= sup I(21,22;y3)

p(ry,22)

= £ [log (1+ (Blhaal? + 2R (phashss) v/B(L = B)
+(1 = B)lhas|*) SNR)] (5)

where supremum is taken over the set of p(z1,22) with fixed 3
and p, R(+) denotes the real part of the variable in parentheses,
the superscript * denotes conjugation, C; and Cs are achieved
when z; and z9 are jointly Gaussian distributed, and the units
of C'; and (5 are nats/s/Hz.

The capacity of Gaussian relay channels was studied with
a fixed ( in [12]. The optimal power allocation specified by
an optimal 0 was derived in [16] for the Gaussian degraded
channel. For the fading channels under consideration, similar to
[16], we will optimize the power allocation to achieve optimal
performance, based on certain partial channel state informa-
tion (CSI) available at the transmitter, specified in the following
assumption.

ASI: Source and relay know the first-, second-, and fourth-
order moments of A1, k13, and has.

With this partial CSI available at the source and the relay, we
have

C< m%x min{C}, Co}. (6)
psl
Due to the expectation operation involved in Cy and Cy, it is
difficult to find the optimal value of § which maximizes trans-
mission rate for each SNR value. Since we are interested in low-
power communications, we will instead pursue a lower bound
on the (Ep/No)min based on (5), (6), and AS].

Targeting (1) for our problem, the first derivatives of C; and
(5 at SNR = 0 can be found from (5) as

01(07 p, ) =B(a@12 + ai3)(1 — |p|2)
02(07 p[))) = 6613[3 + 6623(1 - 5)

+ 2R (phashiss) v/ B(1 — B) (7
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where Qj 1= E[|hij|2],and ilij = E[h”] SinceC; =Cy =0
at SNR = 0, from (1) and (6), a lower bound on the ( Ej,/No)min
can be written as

B\ log
(—) = min max{ : 08 (2) ,
NO min P8 01(0 Ps /B)
Itis seen from (8) that finding (£, /NO)mln
imizing the min{C1 (0, p, ), 02(0 p.0)}.
From (7), we deduce that for 02(0 p,3) to be maximized,

the phase of p should equal that of h%3hos; and then, we can
express Cy(0, p, 3) as

C(0,p,8) = 3B+ ags(1— 3)

log,(2) } ®
02(07p7/8>

is equivalent to max-

+2 |hishig

©))

It is clear that C’l(O, p, 3) is a monotonically decreasing func-
tion of |p| since |p| € [0 1], and that Cy(0, p, §) is a linearly
increasing function of |p|. In order to choose |p| to maximize
the nlin{C’l(O,p,ﬂ),C’Z(O,p,ﬂ)}, we need to consider two
cases. First, if C5(0,0,4) > C1(0,0,7), or equivalently, if
@23(1 — B) > Bayy, we have p = 0. Second, if 02(0 0,0) <
C1(0,0, B), since 05(0,1,8) > C1(0,1,8) = 0, C1(0,p, B)
and C1(0, p, 3) have a cross point over the interval | pl € 10,1];
and then we can find |p| by setting 01(0 p,B) = 02(0/ 0, 5),
which yields the equation shown at bottom of the page. Note
that condition C5(0,0,3) < C1(0,0,3) guarantees that |p|
in (10) satisfies 0 < |p| < 1. After finding p, we can use a
one-dimensional search to obtain the optimal value of J that
minimizes the (E;,/No )nlll:r)l

When k13 = 0 or/and has = 0, we can obtain the optimal 3
and the corresponding (£, / NO)EM)1 in closed form. In this case,
it is apparent that p = 0 is optimal, because the third term in
C5(0, p, ) is equal to zero, and C1(0, p, 3) is maximized at
p = 0 [cf. (7)]. With p = 0, C1(0, p, 8) and C5(0, p, 8) in
(7) become

C1(0,0, ) = (a2 + @13)8
C2(0,0,0) = azs + (@13 — ao3)p. (11)
If ass < a@jys, it is clear from (11) that 8 1 is op-

timal, which implies that relayed transmission cannot pro-
vide a lower (FEj/Ng)min than the direct link; and we have
(Eb/No)mm log,(2)/ax3 for the direct link. If Q23 > (13,
C5(0,0,/) is a decreasing function of (3, while C1(0 0,3)
is an increasing function of (; and thus, min{Cy,C5}

is maximized, when C1(0,0,8) = C'Q(O,O.ﬂ). Setting
41(0,0,3) = C2(0,0, ), we obtain
023
opt — 12
Popt Q12 + Qi3 (12)
if aog > @3, and
B\ ™ log, (2)(an2 + ans)
i = ~ — — (13)
No / in az3(a12 + a13)
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if hi3 = 0 or/fand has = 0, and @s3 > @&j3. Note that
our (Ey/Ng)min for fading channels depends on the first-
and second-order moments of channel coefficients, while
(Eb/No)min of [22] for Gaussian channels depends on channel
coefficients. Furthermore, perfect CSI is required at the source
and the relay in [22], whereas we only need the first- and
second-order moments of the channel coefficients at the source
and the relay for optimal power allocation.

It was shown in [12] that for the Gaussian degraded channel,
the upper bound in (4) is actually the channel capacity; however,
itis unknown whether this upper bound is achievable for general
relay channels. Hence, it is not clear if we can achieve the lower
bounds on the (Ejp/No)min found using numerical search when
hi3 # 0 and hos # 0, and from (13) for the case where hy3 =
0 or/and hos = 0. In the next subsection, we will study the
achievable (E},/No)min and the slope of the spectral efficiency
for the BMC advocated in [12].

B. Achievable Rates of BMC

The information-bearing bit stream (message) at the source is
parsed into blocks, each with m symbols. Let w; € [1,2™%] be
the message to be sent by the source during the ¢th block. The
set M = {1,2,---,2m%} of messages is randomly partitioned
into Q = {Ql,QQ, .- ',QQmRO} with Rg < R, asin [12]. A
random code book X = {x;(w|q),x2(q);w € [1,2™F],q €
[1,2m%0]) is generated based on a joint probability distribution
p(x1,z2) [12]. We suppose that entries of codewords x; (w|q)
and x5(q) are independent, identically distributed, and obey a
Gaussian distribution with zero mean and unit variance. After
the relay correctly decodes the message from the source during
the (i — 1)st block, it transmits a codeword x2(g;) in the ith
block. We refer the reader to [12] for a detailed description of
the block Markov encoding and decoding. The signal vectors
transmitted by the source and the relay simultaneously in the
ith block are given, respectively, by

x1(i) = v Pixa(wilgi) + by/ (1 = B2) Pax2(q:)

X2 (i) =/ B2 Pax2(gi). (14)
Notice that different from (3), P; and P, are the transmit powers
of x1(w;|¢;) and x2(g;). With 82 € (0, 1) determining the frac-
tion of power P» allocated to the relay, P, and P» are not equal
to the transmit power at the source and relay, if 2 # 0. The
constant b satisfying |b| = 1 aims to improve the combining of
X2(qg;) from the relay and the source at the destination. The re-
ceived blocks at the relay and the destination can be expressed,
respectively, as

y2(i) = h12%1 (i) + n2(3)
v3(2) = h13%x1(2) 4+ hosXa(i) + ns(i) (15)

where n» (i) and n3(i) are AWGN blocks with zero mean and
covariance Ngl,,,. From the rate formulas of BMC [12], we ob-

(@12 + @13)f [a23(1 = f) — a12f]

= bl VAI=B) | ylFaahif” 60 - 5

B(a12 + a13)

10
,[3(0112 + a13) (10)
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tain the rate Ry = (1/m)I(x1;y2|x2) for the link between the
source and the relay, and the rate Ry = (1/m)I(x1,X2;y3) for
the multiple-access channel between the source, the relay, and
the destination, where we omitted the indexes of the transmitted
codewords and the received blocks; and the achievable rate of
BMC is given by R = max{R;, Ry} [12, eq. (12)]. Letting
P := P+ P, 81 := P;/P, SNR := P/Ny, and supposing
that the codewords are long enough to capture the ergodic na-
ture of the fading processes, we obtain

Ry = E [log (1 + f1|h1s|*SNR)] (16)

and
Ry =F [log (1 + (ﬂ1|h13|2 + (1 — [)’1)

X Wﬂ_zhgg +hy/(1— ﬂ2)h13’2> SNRH . a7

The transmission rate between the source and the destination
can be found as

The rate R in (18) is not the capacity, but the achievable rate
between the source and the destination for BMC. Because the
optimal values of 31, 32, and b in (18) cannot be found in closed
form, we will look for the triplet {31, 32,b} to minimize the
achievable minimum energy per bit. With slight misuse of no-
tation, we still denote this achievable normalized minimum en-
ergy per bit as (Ep/Ng)min- The first derivatives of Ry and Ro
at SNR = 0 can be found from (16) and (17) as

R1(0) = (a2
Ry(0) = frans + (1 — 1) E “\/ﬂjhzz’, + bmhw‘ } .
(19)
The (Ey/No)min can then be written as [c.f. (1)]
<E> = min max{lo.gﬁ. M} (20)
No J in ~ BrfB2:b R1(0)  Ry(0)

and finding .(E;, /No)min is equivalent to maximizing the
min{R;(0), #2(0)}. Let us denote part of the second term of
R5(0) in (19) as

F(B2,6) =E |\/Bahas +by/1- ﬂZhB\

252a23+( —Ba)a13+2v/Bo(1— B2)R (bhishys).
(2D
It is apparent from (21) that
= —}:sz‘}}??’ (22)
|h13h23|

so that f(/f32,b) is maximized. With b given by (22), it is easy
to show that the first-order derivative of f([(2, b) with respect to
B2, f'(B2,b), is a monotonically decreasing function over 3, €
[01], and that limg_,¢ f'(B2,b) = oo whilelimg_,1 f'(B2,b) =

—o0. Hence, it follows readily that f(/2,b) has a unique max-
imum at

Qo3 — 13

h§3hLﬂ

1
Pr=5

(23)

\/4

and the maximum value of f(f2,b) is given by

(Ga3 — @13)?

fmax = L (0123 + a13) + %\/(0723 —a3)2+4 |h§3h13|2-
(24)
If hy3 # 0 and hoz # 0, it can be readily shown that fi.. >
max{&13, @3 }. Thus, with b and [, given by (22) and (23),
RQ(O) in (19) is a decreasing function of 3;. On the other hand,
Rl(O) in (19) is an increasing function of ;. Hence, to maxi-
mize the min{ R, (0), R(0)}, we must have R1(0) = Ry(0);
and the optimal value of (3; can be found using this relationship
as

fmax

dlZ + fmax -

Using (25), the (Fy/No)min can be obtained in closed form
& o IOgE(Z)(dlg + fmax —
NO min B

d12.fmax
We now turn our attention to the case where h;3 = 0 or/and
hos = 0. In this case, we can write R2(0) in (19) as

Ry(0) = frans + (1 — f1) [Badias + (1 — f2)aus] .

If asg < @3, it follows from (27) that the maximum value of
RQ(O) is a3, which implies that relayed transmission cannot
provide a lower (Ejp/Ng)min than the direct link. From Rl(O)
in (19), we deduce that we must have &2 > @13 in order for
the relay link to have a lower (Ej/No)min than the direct link.
Hence, when hi3 = 0 or/and hy3 = 0, the necessary condi-
tion for a relayed transmission with BMC to provide a lower
(Eb/No)min than the direct link is as follows.

CI: Theexpected values of |hy2|? and |ho3|? are greater than
the expected value of |h13|%, i.e., @12 > @13 and A2z > @13.

Condition CI guarantees that the quality of the links, mea-
sured by the second moment of each channel coefficient be-
tween the source and the delay and between the relay and the
destination, is better than that of the link between the source
and the destination.

It is clear from (27) that under C1, R (0) is maximized when
(2 = 1, and the transmitted blocks in (14) reduce to

X1 = VIPix), Xo=

We will her_lceforth focus on this simpler transmission scheme,
for which R5(0) can be found as

pr =

(25)

Q13

ai3)

(26)

27)

PQXZ . (28)

Ry(0) = do — (@a3 — d13)A1 (29)

regardless of the values of h1s and has, while Rl (0) is the same
as that given in (19). When hi3 # 0 and hoz # 0, this trans-
mission scheme does not achieve the (Ej/No)min in (26), as we
will show later. However, analyzing this scheme provides useful
insights on relayed transmissions, since in practical scenarios, it
is likely that there is no line of sight (LOS) between the source
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and the destination, and thus, we have hi3 = 0. Using the trans-
mitted signals given by (28) instead of by (14) when hiz = 0
does not affect ( Ep, /No ) min, but only reduces the complexity of
the transmitter at the source node. Note that with this simpler
transmission scheme, C/ is also necessary for relayed transmis-
sions to achieve a lower (Ej/No)min than direct transmission
when h13 # 0 and hys # 0.

With the transmission signals given by (28), and under the
condition CI, Ry (0) in (29) is a linearly decreasing function
of ;. Since Rl(O) is a linearly increasing function of 1, the
optimal value of 3 can be found by setting R;(0) = Ry(0).
This leads to

pr=—T2 (30)
Q12 + Q23 — 013

and the corresponding (E,/No)min can be expressed as

<ﬂ> _ 1og.(2)(12 + G923 — u3)
No / in 0120023 ’

€1y

Since we have fiax > @, it follows that the (Ey,/Ng)min in
(31) for the transmitted signals given by (28) is larger than that
in (26) for the transmitted signals in (14), when E[h3] # 0 and
Elhs3] # 0. If there is no relay, the (E;/Ng)min of the direct
transmission is given by (Eb/NO)rr(llin = log,.(2)/@;3. Under
C1, it follows that (Ey/No)min < (Eb/NO)S:fi)n; hence, relayed
transmissions reduce the achievable minimum energy per bit.

Using (2), we can find the slopes of Ry and Ry at SNR = 0
from (16) and (17) with 35 = 1 as

5 =2

K12
S, — 2[Brans + (1 — B1)aas]”
2 p— pr— pr—
B2ai, + (1 — f1)%ad; + 261(1 — fB1)arzass

where of; := Ellhi;|*] and ;= E[lh;|*]/(E[his]*])* is
the kurtosis of the random variable h;;. Since we set R (0) =
Ry (0) in finding the (F%/Ng)min in (31), the slope of R at SNR
= 0, or equivalently, at (E4/Ng)min, is given by

(32)

S = min{S;, S} (33)
The kurtosis of a random variable is a measure of the “peaked-
ness” of its probability density function (pdf) [25], or a measure
of the amount of fading in the context of wireless channels [26,
p. 18]. Kurtosis achieves its minimum value of one when the
underlying random variable is actually deterministic, or equiv-
alently, when the pdf is a delta function. The larger the kurtosis
is, the more the pdf spreads out, and the more severe the fading
is. We have the following lemma regarding Ss in (32).

Lemma 1: For any 51 € (0, 1), the slope of Ry at SNR =0
in (32) satisfies

2 2
SQZmin{—, —} (34)
K13~ K23
Proof: The slope S can also be written as
2G
Sy = — (35)

K13
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where G is defined as

O [ﬂl-i-(l—ﬂl)g—fz]z

B2+ (1 - [31)2% +26,(1 — [31)&;3_264-23

13 1

(36)

w

Denoting the difference between the numerator and the denom-
inator of GG as (G4, we have

1 1
Ga = 201(1 — fr)a13es <—2 - :2>
A3 agy
a2, al,
+(1 = p1)? (% - %) . (37)
¥3 a3

The first term of G4 is > 0 since a2; > a?4. If K13 > ka3, the
second term of (G4 is also > 0. Hence, we have G4 > 0, which
implies that G > 1 and Sy > 2/k43. Similarly, if ko3 > K13,
we have Sy > 2/ka3; and (34) follows. [ |

If k1o < K13 and ko3 < K13, then from (32), (33), and Lemma
1, we have S > 2/k13 for any 31 € (0, 1), which implies that
relayed transmissions also offer a larger spectral efficiency slope
than direct transmissions, since the spectral efficiency slope in
direct transmissions is Sy = 2/k13. In summary, we have es-
tablished the following proposition.

Proposition 1: If condition C/ is satisfied, block-Markov-
coded transmissions over fading relay channels with transmitted
blocks, as in (28), can afford a lower (Ejp/Ng)min than direct
transmissions, and provide a larger spectral efficiency slope at
the (Ey/No)min if conditions k12 < k13 and ko3 < k13 are also
satisfied.

Conditions k12 < k13 and ka3 < K13 suggest that the link
quality, measured by the kurtosis of the channel coefficients be-
tween the source and the relay, and between the relay and the
destination, is identical to or better than that of the link between
the source and the destination. If these conditions and C/ are
satisfied, then relayed transmissions provide a larger spectral ef-
ficiency slope at (Ep/No)min. Note that conditions k12 < K13
and k93 < k13 are sufficient for improving spectral efficiency,
but they may not be necessary. In practice, these conditions hold
if all channel coefficients have the same pdf, or if there is no
LOS between the source and the destination, but LOS is present
between the source and the relay, and between the relay and the
destination.

C. Relay Selection

In a wireless network, there may be more than one node avail-
able to relay the information of a source to its destination. While
it is possible to have multiple nodes serving as relays for a par-
ticular source and destination pair (as in [14] and [17]), we here
focus on the single-relay case and look for the best relay node
to minimize the (Ep/Ng)min- To this end, we first parameterize
the channels using experimentally validated physical path-loss
models of wireless propagation. As discussed in [27, p. 102],
the path loss is proportional to (d/dy)™, where d is the distance
from the transmitter to the receiver, n is the path-loss exponent
whose value (typically ranging from three to six) depends on
the specific environment, and d is the close-in reference. For
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simplicity, we neglect shadowing effects. Based on this model,
we obtain a;; = Vdi_j”, where v is a constant and d;; denotes
the distance between nodes ¢ and j. The (Ej/No)min in (31)
becomes

Ey log,(2) diadys
o) 08l gn e G123
<N0 > min v 2 + 23 d’il3

The optimal relay is the one that minimizes either (31) when
{@;;} are known, or (38) when distances {d;;} are known.

We now look for the region where the relay can provide
lower (Ep/No)min than direct transmission. Based on the
path-loss model, the (Ej/No)min of direct transmissions is
(Eb/NO)S:fi)n = log,(2)dys/v. First, it is clear that we must
have d15 < di3, so that the link between the source and relay
requires a lower (Ej/No)min than direct transmission, because
the relay needs to detect its received signals correctly. For the

(Eb/No)min in (38) to be less than (Eb/No)(d) we require

min?

(38)

diy + dy3 —

(39)

which implies that

() [ G e

Since we have d12 < dy3, (40) implies that we must also have
d23 < dy3. Hence, with the optimal power allocation specified
by (30), the region where relayed transmissions provide a lower
(Eb/No)min is specified by d12 < di3 and dog < dy3. Com-
bining this result with condition C1, we establish the following
proposition.

Proposition 2: With the transmitted signals given by (28),
the necessary and sufficient condition under which relayed
transmissions with optimal power allocation have a lower
(Ey/No)min than direct transmission is di» < dy3 and
daz < di3.

With equal power allocation and the transmitted signals given
by (28), we can find the (Fp/No)min from (19) and (20) by
setting 51 = 1/2 and B2 = 1, which leads to

(&) — max 2 10g6(2)d12 , 2_1(:Lge(2)_n . (41)
No / wmin v v (d13 +dyy )

Letting the (Ey/No)min in (41) be less than the (Eb/NO)S:fi)n, we
obtain dy5 < (1/2)'/"dy3 and da3 < dy3. The region where re-
layed transmissions have a lower (Ep/No)min than direct trans-
missions is plotted in Fig. 2. Relative to the equal power allo-
cation, it is clear that the optimal power allocation enlarges the
preferred region for relay links.

If the relay can be placed at any location, it is interesting
to seek the placement where relayed transmissions provide the
smallest ( Ep/No)min, Which also yields the largest performance
gain relayed transmissions can offer. It turns out that the optimal
location is at the middle point on the line connecting the source
with the destination, which is formally stated in the following
proposition.

Proposition 3: With the transmitted signals given by (28) and
optimal power allocation specified by (30), the (Ep/No)min Of
relayed transmissions is minimized by placing the relay at the

(40)

Source Destination

Fig. 2. Regions where relayed transmissions have a lower ( Ej /Ng )min than
direct transmissions.

middle point on the line connecting the source with the desti-
nation. The (Ey/No)min in this case is —101og 10[(1/2)"~! —
(1/2)?"] dB lower than that of direct transmissions.

Proof: Using (38), the ratio between the (Ep/No)min of
relayed transmissions and that of direct transmissions can be

written as
E
(]\_Tg)min
(d)

E

(]\_Tg)min

d12>n <d23>n (dlz)n<d23>n
=== + (= — | = — 42
(d13 d13 d13 d13 ( )

which we wish to minimize with respect to di2 and ds3. To
minimize .J, it is sufficient to only consider the locations on the
line connecting the source with the destination, because for a
fixed di2, if we move the relay away from this line, dag will
increase, which, in turn, will increase J in (42) under condition
C1. Supposing that the relay is placed on this line, we define
A = dy2/d13, and therefore, dog/d13 = 1 — A; and rewrite (42)
as

J= A4 (1= A)" = A1 — A)". (43)

Taking the first derivative of J with respect to A, we obtain

Z—i = A" o (1=A)"" = (1=XA)" A" n(1-A)""EA
(44)
It is clear that we have 0 < A < 1, and then it is easy to verify
that we have (d?.J/d)\?) > 0, which implies that d.J/d) is an
increasing function of A. It is seen from (44) that one solution
of (dJ/d)\) = 0is A = 1/2. Since (dJ/d)\)|x=0 = —n and
(dJ/dN)|x=1 = n, A\ = 1/2isthe only solution of (dJ/d\) = 0
when 0 < A < 1. Hence, .J is minimized when A\ = 1/2, and
the minimum value of J is Juin = (1/2)"71 = (1/2)**. =
If the transmit power is equally split between source and
relay, it follows from (41) that

J = max {2/\n7 (45)
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which is minimized when 2\ = 2/(1 4+ (1 — A)™™), or equiv-
alently, A\™™ — (1 — A\)~™ = 1. Hence, the optimal A that min-
imizes .J in this equal power-allocation case is < 1/2, and it is
easy to show that the minimum of .J satisfies 1/(2" "1 +1/2) <
Jmin < 1/2771. Thus, if the relay is optimally placed, re-
layed transmissions with equal power allocation or with optimal
allocation have almost identical (Ej /Ng)min, which is approxi-
mately 3(n—1) dB lower than that of direct transmissions. How-
ever, if the relay is at an arbitrary location, optimal power allo-
cation will provide considerably lower (Ej,/No)min than equal
power allocation, as we will show in Section IV.

III. TDM TRANSMISSIONS

In BMC, we assume that the relay and the source simultane-
ously transmit their signals over the same frequency bandwidth,
while the relay has the capability of nullifying the interference
of its own transmitted signals to its received signals. Although
BMC provides high rates, it may not be practically feasible; and
thus, different orthogonal channels need to be assigned to the
source and the relay. In this section, we consider TDM trans-
missions, where the source and the relay transmit over the same
frequency bandwidth but in different time slots.

In TDM transmissions, we allow the transmission time of the
source and the relay to be different, which provides another de-
gree of freedom to improve the transmission rate, depending
on the quality of different links. Letting the time-sharing factor
0 < p < 1 denote the percentage of the time allocated to the
source, we divide every time slot of period 7" into two subslots
of duration pT and (1 — )7 In the first subslot, the source
transmits, while in the second subslot, there are two possibil-
ities: either both the relay and the source transmit simultane-
ously, or only the relay transmits. We will next consider the first
case, and then focus on the second one. Using the same method
described in Section II-B to generate codewords x; and x» but
with different codeword lengths, the block transmitted by the
source in the first subslot is given by

- | P
Xl(l) = /_/,1X1

while the blocks transmitted by the source and the relay in the
second subslot are

(46)

(1 —/32)sz2
I—p

where the total transmit power is P = P; + P,. Then, similar
to (16) and (17), the transmission rate can be expressed as

2
Ry = uE [log <1+ MSNRﬂ
7

_ ) Bilhas|?
Ry = |log (14218 gNR) |4 (1- 1)
L

log<1+ (1—/31)|\/ﬂ_2h23+b\/1—/32h13|2SNR>

L—p

%.(2) =b

(47)

x E
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where we obtained I, using the random bin argument of [12]
and [28]. The first derivatives of R, and R5 at SNR = 0 can be
found to be identical to (19). Hence, the (E}/No)min of TDM
transmissions is the same as that of BMC. As we discussed in
Section II-B, when A3 = 0 or/and ha3 = 0, the (Ey/No)min
is achieved by transmitting x» only at the relay. This can be
also achieved in TDM transmissions by setting f2 = 1 in (47);
effectively, the source does not transmit in the second subslot.
The optimal 3, and the (Ep/Ng)min of TDM transmissions, in
this case, coincide with those in (30) and (31) for BMC. We will
next maximize the slope of the spectral efficiency for this TDM
scheme.

With 5 = 1 in (47), the slopes of Ry and Ry at SNR = 0
can be obtained from (48) as

_ 2p Sy = 2[frons + (1 — ﬂl)QZS]Z.

1-51)2
P12 _|_ ( 17;) 0533

Using the optimal value of ; from (30), the slope Sy in (49)
reduces to

(49)

~2
2015

S2 = (50)

aj. (@12 —a13)?
D, ke

1—p

Since we have R1(0) = R,(0), the slope of R can be found
from

S = maxmin{S;, Sa }. (51)
n

Itis easy to show that the slope Ss in (50) has a unique maximum
over i € (0,1), and that the maximum of S, is given by

272
Sénax _ S50 5 (52)
[ N (I @13)\/:%23}
when
a v
o= [1 + <_—12 - 1) 22 = . (53)
13 K13

The slope 81 at = pg is given by 812 = 29 /k12. If S} >
S5, it follows from (51) that S = S5"*%; otherwise, the slope
S is given by S = 21 /K12, Where 4 is found by setting S; =
Sy, or equivalently, R1(0) = Ry(0). Letting B;(0) = R»(0),
we obtain

= |1+ —=——== (54

—1
(12 — 013)2@3]

afy — ol
It can be verified that when 82 < S?% we have a2, > a?,;
and thus, we have 0 < p; < 1. We summarize our results on
the slope of the spectral efficiency in the following proposition.
Proposition 4: In TDM transmissions, with the optimal 3y
given by (30), the slope of IR at SNR = 0 and the optimal value
of u achieving this slope are given by S = S3** and p = 9,
if 82 > Syax or S = 2pu1 /K12 and 1 = pq, if SI'? < Spax,
In TDM transmissions, the source and the relay transmit over
different time slots, which may drop the spectral efficiency by
50%, compared with BMC. In Section IV, we will rely on nu-
merical results to compare the spectral efficiency of TDM and
BMC. In Section II, we have shown that the slope of the spectral
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Fig. 3. Spectral efficiency of block-Markov-coded transmissions.

efficiency of BMC is greater than that of direct transmissions.
Here, we will prove that under mild conditions, the slope of the
spectral efficiency of TDM transmissions is greater than 50%
of that of direct transmissions. Note that although the spectral
efficiency slope of TDM transmissions may be less than that
of direct transmissions, the spectral efficiency of TDM is still
higher than that of direct transmissions over a wide Fj, /Ny re-
gion, since the (E}, /No) min for TDM transmissions is consider-
ably lower, as we will verify numerically in Section IV.

The spectral efficiency slope of direct transmissions is given
by Sq = 2/k13. If K12 = Kag = K13, it is seen from (52) that
we have S3"®* = 2/k93 > S1"2; and thus, we have from Propo-
sition 4 that S = 2/1,1/,‘%12 with p1 = [1 + (0_512 — 5[13)/(5[12 +
@13)]7! > 1/2, which implies that S > 1/k13 = Syz/2. We
now consider more general conditions k12 < K13 and Koz <
k13. For every value of y, it is seen from (49) and (50) that both
S1 and Sy will increase if k12 and ko3 decrease. We thus de-
duce from (51) that S must also increase, which implies that
S > 84/2 when k15 < K13 and k23 < k13. We summarize our
analysis of the spectral efficiency slope in the following lemma.

Lemma 2: If k12 < k13 and ko3 < K13, then the spectral
efficiency slope of TDM transmissions is larger than 50% of
that of direct transmissions.

IV. NUMERICAL RESULTS

In this section, we will present numerical results to illustrate
the advantage of relayed transmissions. We consider Rayleigh
fading channels; i.e., h12, h13, and ho3 are zero-mean, complex
Gaussian distributed random variables. Thus, the kurtosis of the
channel coefficients is x;; = 2. The variance of h13 is normal-
ized to a3 = 1. The variances of hqo and hs3 are chosen ac-
cording to the following physical channel model. The relay is
placed on the line connecting the source with the destination,
and the path-loss exponent defined in Section II-C is equal to

Optimal power & time ,” B
5L Relay Tx.. ’ Relay Tx

Equal power & time

Direct Tx

Spectral Efficiency (b/s/Hz)
o
a

9 8 -7 -6 -5 -4 -3 =2 -1 0 1
E,/N,(dB)

Fi

=

g. 4. Spectral efficiency of TDM transmissions.

four. Hence, the variances of k12 and k13 can be calculated as
12 = (dlg/d12)4 and o3 = [dlg/(dlg — dlz)]4, respectively.

Figs. 3 and 4 depict the spectral efficiency of BMC and TDM
transmissions, respectively. We use dis = di3/3 in Figs. 3
and 4; and thus, we have @12 = 81 and a;2 = 81/16. The
exact spectral efficiency is obtained from (16) and (17) with
B2 = 1 for BMC, and from (48) with 35 = 1 for TDM. In
Fig. 3 for BMC, we use (31 in (30) for optimal power alloca-
tion and #; = 1/2 for equal power allocation; in Fig. 4 for
TDM, we use [ in (30) and g in Proposition 4 for optimal
resource allocation, and 3; = p = 1/2 for equal resource al-
location. The approximate spectral efficiency plotted in Figs. 3
and 4 is calculated as R = [Ey/No — (Eb/No)min]S/2, while
the slope S will be shown in Fig. 7. It is seen from Figs. 3 and
4 that the gap between approximate and exact curves is small
when the spectral efficiency is less than 0.3 b/s/Hz, which con-
firms that our resource allocation based on the (Ej/Ng)min and
the slope achieves near-optimal rates when spectral efficiency
is relatively low. It also is observed that relayed transmissions
with optimal power allocation achieve about 7 dB gain relative
to the direct transmissions, while optimal power allocation pro-
vides about 2 dB advantage relative to equal power allocation.
The slope of R in TDM transmissions with optimal power al-
location in this case is found to be S = 0.506 b/s/Hz/(3 dB);
although it is less than that of direct transmissions, the spectral
efficiency of TDM transmissions is considerably higher than
that of direct transmissions over a wide Ej, /Ny region, as ver-
ified by Fig. 4.

We next consider how the relay location affects performance.
Fig. 5 depicts the (Ep/No)min versus relay location, where
the lower bound and the (FEj/No)min When power is opti-
mally allocated are given by (13) and (31), respectively, and
(B4 No)uin = max{21og,(2)/az, 21og,(2) /(@ + a13)}
when power is equally allocated. It is seen that relayed trans-
missions with optimal power allocation offer considerably
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Fig. 6. Power allocation between the source and the relay.

lower (Ep/Ng)min than direct transmissions, and that the
lowest (Fp/Ng)min is achieved at di2/d13 = 1/2, which is
approximately 9 dB lower than that of direct transmissions, as
we discussed in Section II-C. The optimal power allocation
also outperforms the equal power allocation considerably
at most locations. When dj5 is larger than a certain value,
the (Ep/No)min of relayed transmissions with equal power
allocation is higher than that of direct transmissions. This is
because the relay is out of the region described in Fig. 2. When
dy2/dr3 < 1/2, the (Ey/No)min of relayed transmissions with
optimal power allocation is very close to its lower bound. But
when di2/di3 > 1/2, it becomes considerably higher than
its lower bound. Since in the BMC or TDM transmissions we
considered in Sections II and III the relay needs to decode the
information from the source correctly, the quality of the link
between source and relay has a large impact on the overall per-
formance. If d15/d13 < 1/2, this link has reliable quality, and
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thus, the (E}/No)min reaches its lower bound. However, when
the quality of this link worsens, this decoding and forwarding
relay transmission strategy incurs larger performance loss; in
this case, the facilitating transmission strategy in [12, Th. 6]
may be a better alternative. Fig. 6 shows how the total transmit
power is optimally allocated between the source and the relay,
where (1 for the optimal power allocation is calculated from
(30). It is observed that more power is allocated to the weak
link so that the overall performance is optimized. Fig. 7 depicts
the slope of spectral efficiency. The slope for direct transmis-
sions is Sq = 2/k13 = 1 b/s/Hz/(3 dB), while the slope for
BMC is found from Lemma I to be S = 1 b/s/Hz/(3 dB). The
slope for TDM transmissions is obtained from Proposition 4 as
S = 2u1 /K12 = p1 with gy given in (54), which is > S4/2, as
discussed in Lemma 2 and confirmed by Fig. 7. When d;5 in-
creases, the link between the relay and the destination improves,
and thus, more transmission time is allocated to the source,
which increases the slope of spectral efficiency. It is worth reit-
erating here that although the slope for TDM transmissions is
less than that for direct transmissions, TDM offers considerably
higher spectral efficiency than direct transmissions over a wide
Ey /Ny region, due to its lower (Ey/No)min-

V. CONCLUSIONS

We have investigated the achievable rates of relayed trans-
missions over fading channels for both BMC and TDM
transmissions. Optimal power allocation between the source
and the relay was derived to minimize the minimum energy
per bit (Ep/No)min required for reliable communications.
When the link between the source and the relay is relatively
reliable, the achievable (Fp/Ng)min is close to its lower bound,
otherwise, it is relatively larger than the lower bound. The
optimal relay location minimizing the (Ej/No)min Was found
to be the middle point of the line connecting the source with
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the destination. Under mild conditions, it was shown that the
slope of the spectral efficiency at zero SNR for BMC is larger
than that of direct transmissions, while the slope for TDM
transmissions is larger than 50% of that of direct transmissions.
Since relayed transmissions provide a considerably lower
(Eb/No)min requirement relative to direct transmissions, they
offer relatively higher spectral efficiency over a wide Fj/Ny
region.

While the spectral efficiency of relayed transmissions over
fading channels is difficult to maximize, we optimized the trans-
mission system based on the (Ej/Np)min for BMC, and based
on both the (E}/Np)min and the slope of the spectral efficiency
at zero SNR for TDM transmissions. Another possible approach
to improving spectral efficiency could be based on a first-order
approximation of the spectral efficiency in the low-SNR regime.
As we mentioned in Section IV, the facilitating transmission
strategy in [12, Th. 6] may also be worth pursuing.
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