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Multiantenna Adaptive Modulation With
Beamforming Based on Bandwidth-

Constrained Feedback
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Abstract—Adaptive modulation has the potential to increase
system throughput considerably by adapting transmission pa-
rameters to the time-varying channel characteristics. Crucial to
adaptive systems is the requirement of a feedback channel, that
is often capable of carrying only a limited number of bits. Under
such a bandwidth-constrained feedback link, we aim to optimize
a multiantenna system based on transmit beamforming and
adaptive modulation, where the transmit power, the signal con-
stellation, the beamforming direction, and the feedback strategy,
are designed jointly. Our proposed nested iterative approach
leads to an approximate, yet practical, solution. Simulation results
demonstrate considerable improvement in transmission rate, as
the number of feedback bits increases.

Index Terms—Adaptive modulation, beamforming, feedback,
vector quantization.

I. INTRODUCTION

BY matching transmitter parameters to the time-varying
channel conditions, adaptive modulation can increase the

transmission rate considerably, which justifies its popularity in
high-rate wireless services; see, e.g., [4], [8], and [11]–[13],
and references therein. On the other hand, antenna diversity has
been well established as an effective fading counter measure
for wireless applications [23]. Size and cost limitations of
mobile units suggest multiple transmit antennas at the base sta-
tion, which motivates adaptive designs with multiple transmit
antennas.

Crucial to adaptive systems is the requirement of a feedback
channel, through which the receiver feeds the estimated channel
state information (CSI) to the transmitter. Although perfect CSI
is often assumed in the adaptive modulation literature (see, e.g.,
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[8] and [11]), in practice, the CSI at the transmitter suffers from
imperfections originating from various sources, which include
estimation/quantization errors, feedback delay, and feedback er-
rors. Recent works quantifying and exploiting imperfect (or par-
tial) CSI in multiantenna systems include [5], [6], [15], [17],
[19]–[22], [24], [26], [28], and [29].

Partial CSI can be modeled in various ways. One approach
is to describe it statistically based on feedback information. For
example, CSI at the transmitter can be modeled as Gaussian dis-
tributed with local mean and local covariance [22], [24]. Under
this model, two special forms of partial feedback have been ex-
tensively studied. One is the so-called mean feedback [15], [17],
[24], [28], that assumes knowledge of the channel mean and
models the channel covariance as white. The other is termed
covariance feedback, where the channel mean is set to zero, and
the relative geometry of the propagation paths manifests itself
in a generally nonwhite covariance matrix [15], [24].

Another class of CSI models imposes a bandwidth constraint
on the feedback channel which is only able to communicate a fi-
nite number of feedback bits per block [5], [6], [16], [19]–[22].
In particular, finite-rate power control is investigated in [5] to
reduce the outage probability that the mutual information falls
below a certain rate. Transmit beamforming without power con-
trol has been studied using average signal-to-noise ratio (SNR)
[20], [22], or outage probability [21] criteria. Moreover, a jointly
optimal transmission and feedback strategy has been pursued in
[19] (see also [6] for the same formulation) to maximize the for-
ward channel capacity subject to bandwidth constraints on the
feedback channel. More recently, an analytical codebook con-
struction method has been presented in [31]

We have studied adaptive multiantenna modulation based on
channel mean feedback in [26] and [29]. In this paper, we inves-
tigate an adaptive modulation system based on transmit beam-
forming with rate-limited feedback. Beamforming is simple to
implement [15], [21], and has been adopted in current stan-
dards [1], [2]. Subject to average bit-error rate (BER) and av-
erage transmit-power constraints, our objective is to jointly de-
sign the feedback strategy and the transmission parameters for
a rate-limited feedback. We formulate the problem and link it
with existing works, assuming perfect or no CSI in Section II.
Due to the inherent difficulty in solving the original problem
analytically, we target instead a suboptimal formulation in Sec-
tion III. We then develop a nested iterative approach that yields
a practical (albeit suboptimal) design of the adaptive transmis-
sion and the feedback strategy. Numerical results are presented
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Fig. 1. Overall system model.

in Section IV, which demonstrate the throughput enhancement
as the number of feedback bits increases.

Notation: Bold upper- and lower-case letters denote matrices
and column vectors, respectively; denotes vector norm;

and stand for transpose and Hermitian transpose,
respectively; denotes complex normal distribution
with zero mean and variance ; denotes the ensemble
average of conditioned on the event ; denotes angle;
is the natural logarithm function, and is the Dirac delta
function.

II. SYSTEM DESCRIPTION AND PROBLEM FORMULATION

A. Channel Model

For clarity, we only consider a wireless communication
system with multiple transmit antennas and a single re-
ceive antenna, as depicted in Fig. 1. However, the extension to
multiple receive antennas with beamforming is straightforward.
Our focus will be on narrowband block transmissions where
the wireless channel is frequency nonselective. Let denote
the channel coefficient between the th transmit and the receive
antenna, where , and define the channel vector

. We assume the following.

A1: Channel realizations do not vary within a block, but
can change from block to block.

Assumption A1 corresponds to the so-called block-
fading channel model that is suitable for many prac-
tical wireless systems [23]. Furthermore, we assume
the following.

A2: The channel coefficients are independently and
identically distributed (i.i.d.), with each coefficient
being modeled as a circularly complex Gaussian
random variable with zero mean and variance ; i.e.,

, .
This generally requires a rich scattering environ-

ment and transmit antennas placed sufficiently far apart
from each other. We assume perfect knowledge of
for our transceiver design. Estimation and quantization
error effects of are interesting to investigate, but go
beyond the scope of this paper. We will see that A2 ac-
tually is not needed in our transceiver design, where
only a statistical description of the channel vector is

required to generate the sampling channel values [c.f.
(21)]. To assist the receiver with channel estimation
and symbol detection, preamble training sequences are
placed at the beginning of each block. Similar to [11],
[14], and [29], we assume the following.

A3: Perfect CSI is available at the receiver, which allows
one to isolate the effects of rate-limited feedback on
the transceiver design.

To carry out adaptive modulation and transmit
beamforming, CSI needs to be fed back to the trans-
mitter. In accordance with A1, feedback is updated
once every block. As in [19]–[22], we focus on a
bandwidth-constrained feedback link. Formally, we
assume the following.

A4: The feedback channel is error-free, delay-free, but lim-
ited in bandwidth, such that the transmitter can acquire
only a limited number of, say , feedback bits per
fading block.

The error-free assumption can be well approximated
through the use of sufficiently powerful error-control
codes; whereas the delay-free assumption is accurate
when the processing and feedback delays are small,
relative to the channel coherence time.

B. System Model and Problem Statement

Weadoptadaptivemodulationbasedon transmitbeamforming
as the basic transmission strategy. Based on CSI feedback per
block, the transmitter draws an information symbol from an
appropriate signal constellation of size with average energy

, and transmits the vector through multiple
antennas, where stands for the symbol index within each block,

denotes transmit power, and is the beamsteering vector
with unit norm . The received signal is thus

(1)

where is additive white Gaussian noise (AWGN) with zero
mean and variance per real and imaginary dimension.
For notational simplicity, the symbol index will be omitted
in the following. Each triplet of the transmission parameters

constitutes what we will henceforth term a transmis-
sion mode. Notice that different transmission modes may adopt
the same signal constellation.
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According to A4, only feedback bits are available
per block. This decides a feedback index variable

, where . Corresponding to each index
, the transmitter will select transmission mode as

For the candidate signal constellations, we will consider two
different cases: continuous rate and discrete rate, as in [8] and
[11]. For the continuous-rate case, , where
is an arbitrary real number. For the discrete-rate case,

; i.e., the ’s are restricted to be even integers,
corresponding to square -ary quadrature amplitude modula-
tion ( -QAM) constellations. To account for deep fading ef-
fects, we also allow for no data transmission, which amounts to
setting . As we will see later, investigation of the con-
tinuous-rate case provides the basis for system designs in the
discrete-rate case.

Let denote the -dimensional space of complex
channel vectors. The feedback bits are used to index each
of nonoverlapping regions of the channel
space . Apparently, selection of these fading regions and
transmission modes affects the achievable data rate. Our goal
is to design and jointly to maximize the
system transmission rate, subject to certain performance and
power constraints, as we formulate next. To simplify the adap-
tive transceiver design, we rely on the following approximate
BER expression [8], [11]:

(2)

where is a constellation-dependent con-
stant, and is the receive SNR. When the selected transmission
mode is , we have from (1)

(3)

and the average BER over the region can be written as

(4)

Let denote the probability that the
channel vector lies in region , stand for the average
power, and be the required BER performance. By jointly
designing and , our ultimate objective is to

(5)

Once the fading regions and the transmission
modes are decided, our adaptive system will
operate as follows: per fading block, the receiver first decides
which region the current channel falls into, say , and feeds
back the region index . The transmitter then uses this index to
select a transmission mode, and transmits information symbols
with the selected transmission mode .

Different from the joint adaptation strategy studied in this
paper, it is also possible to design the adaptive modulation
and beamforming strategy separately. For example, one can
adopt adaptive modulation along the lines of [11], on top of the
beamforming scheme with quantized CSI [20], [21], [25], [30].
Probability density function (pdf) of the effective single-input
single-output (SISO) channel, however, is generally unavailable
as evidenced in [21], [25], and [30], where certain performance
bounds are pursued. More importantly, given a total number
of feedback bits, it remains unknown how many bits should
be allocated for adaptive modulation, and how many should
be assigned to quantized beamforming. We will briefly study
some heuristic separate design examples through Monte Carlo
simulations in Section IV.

C. Upper and Lower Bounds

Before we tackle the general problem in (5), let us consider
the special cases corresponding to and . They
specify the upper and lower bounds on the achievable transmis-
sion rates that will be used to benchmark our system with a fi-
nite . When , perfect CSI can be made available to
the transmitter, i.e., the transmitter knows each realization of .
In this case, for any given power and signal constellation ,
the optimal beamforming vector is given by [21],
[22]. Consequently, (1) can be simplified to

(6)

Equation (6) describes a single-input single-output (SISO)
system with a flat fading coefficient . Under A2, is Nak-
agami- distributed with average energy and
shape parameter [4]. With both the instantaneous value
and the distribution of known at the transmitter, the optimal
adaptive modulation solutions for both continuous and discrete
rates are available; see [11, eq. (23)] for the continuous-rate
case, and [8, eqs. (49)–(52)] for the discrete-rate case.

When , no CSI is available to the transmitter and no
channel-space partitioning is performed in this case. Using the
same approximation as in (2), the average BER can be written
as [29, eq. (16)]

(7)

Based on (7), we only need to identify the highest modulation
level that meets the average BER requirement (c4) in (5), using
either continuous or discrete rate. We reiterate that the
case is provided here as a lower bound; i.e., we do not advo-
cate transmit-beamforming-only when the transmitter has no
CSI available. In such cases, space–time block coding [3] and
linear constellation precoding has well-documented merits [27].
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We will provide comparisons between [3], [27], and the pro-
posed scheme with limited feedback bits in Section IV.

III. DESIGN OF TRANSMISSION MODES AND FADING REGIONS

Equation (5) provides a general formulation whose optimal
solution is hard to obtain. In this paper, we resort to a simplified,
albeit suboptimal, problem formulation (Section III-A). The
continuous-rate system design is carried out first (Sections III-B
and III-C), based on which the discrete-rate system design is
derived afterwards (Section III-D). Some implementation
issues are then considered (Section III-E).

A. Suboptimal Formulation

The major difficulty with the original formulation (5) is that
generally the regions will be irregular in shape, which
prevents an invertible analytical expression for the in (4).
Notice that when is sufficiently large, the volume of each
region is relatively small, so that all channels in each region
would be close to each other. Based on this observation, one
could approximate by

(8)

Inserting instead of into (c4) and rearranging it,
one would find a candidate approximation for

(9)

where is the channel covariance matrix
locally averaged over . Unfortunately, such an approxima-
tion is only effective when becomes very large. For other
values of , it violates the BER constraint (c4), since is
a convex function, and consequently, .

To bypass this difficulty, we consider a downward scaling ap-
proach, and artificially introduce a modifying factor , re-
placing (9) with

(10)

which is equivalent to setting the target BER to .
The motivation behind (10) is to employ an average BER pre-
compensation, i.e., to preset the BER requirement to a lower
level , so that the original BER requirement (c4)
can still be met. An appropriate is thus needed, so that the final
design of transmission modes and fading regions will meet (c4).
Normally, depends on various system parameters, such as the
average SNR, the number of antennas , the number of feed-
back bits , and the original BER constraint . Lacking a
general expression for it, we rely on Monte Carlo simulations
to determine empirically, as will be specified in Section IV. In
the ensuing analysis, we assume that has been determined.

Replacing in (5) by in (10), we end up with a simplified,
albeit suboptimal, formulation as follows

(11)

where minimizing is equivalent to maximizing .
In this paper, we will derive system designs that optimize (11)
instead of the original general problem (5). We underscore that
solving (11) will only provide a suboptimal transceiver design
relative to what could be achieved, had (5) been directly solved.
Notice that constraints (c2) and (c3) are not included explicitly
in (11), but will be later on.

As we will verify soon, our transceiver design is closely
related to a vector-quantization problem. However, standard
vector-quantizer design algorithms can not be applied here
because of the additional average power constraint. A similar
problem arises in [9], where a vector quantizer is designed
with an additional constraint on the codeword index entropy.
Inspired by the approach taken therein, we first introduce a
deviation-cost function

(12)

i.e., is the minimum achievable deviation with a power
budget . The solution to (11) is nothing but the value of
evaluated at . Solving (12) is an optimization problem
with equality constraints. We transform it to an unconstrained
optimization problem by constructing the Lagrangian

(13)
where the Lagrange multiplier represents the slope of a line
supporting the deviation-cost function .

In Sections III-B and III-C, we first investigate system de-
signs in the continuous-rate case. With as in (13), we min-
imize the Lagrangian for a given multiplier , as detailed in
Section III-B. In so doing, we find an optimal operating point

on the D-C plane [9], [10], such that is the
minimum achievable deviation with a given power budget .
To depict the entire function, we can repeat this proce-
dure for all possible ’s. However, since we are interested only
in , we only need to locate a suitable parameter ,
such that , as detailed in Section III-C.
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B. Finding the Optimal Pair for a Given

To find the optimal operating pair for a given
, we need to minimize the Lagrangian in (13). To this

end, joint optimization of the fading regions and the transmis-
sion modes is required. We will pursue an iterative descent al-
gorithm that operates in two stages: 1) we find an optimal design
of transmission modes given a certain set of fading regions; and
2) we find an optimal design of fading regions given a certain de-
sign of the transmission modes. Notice that here the optimality
is with regard to minimizing the Lagrangian in (13).

1) Finding the Optimal , for a Given
: Given , the probability and the

channel covariance matrix can be calculated for every .
From (13), we see that beamforming can be decoupled from the
power/bit loadings without loss of optimality. Furthermore, the
beamforming vectors over different regions are independent.
This allows us to derive the beamforming vectors separately.

Let the eigen-decomposition of the channel covari-
ance matrix be denoted as , where

is the diagonal matrix containing
eigen-values in a nonincreasing order ,
and is the unitary matrix containing the corresponding
eigen-vectors; i.e., . We see from (11)
that the optimal beamforming vector maximizing in
region , is actually the vector that maximizes ,
subject to the constraint (c2). Consequently

(14)

and the achieved maximum value of is . In other
words, for each region, the optimal beam points along the prin-
cipal eigen-vector of , which is also known as eigen-beam-
forming [22], [24], [28]. With optimal eigen-beamforming over
each region, minimizing becomes a standard optimization
problem, and the power loading follows the well-known water-
filling principle

(15)

where is the operator defined as . Bit-
loading solutions can then be determined directly by inserting
(15) into (10). Equations (14), (15), and (10) collectively deter-
mine the optimal transmission modes for a given set
of fading regions .

2) Finding the Optimal , for a Given
: Given fading regions, it is relatively easy to find

the optimal design of transmission modes. The converse,
however, is more difficult. To deal with this difficulty, let us
consider

(16)

which is an upper bound to , due to the convexity of the
function . Minimizing an upperbound of the objective
function is a commonly used technique when direct optimiza-
tion of the objective function itself is difficult. Therefore, in this
subsection, we try to minimize the deviation upperbound
instead of itself. The validity of the approximations will
be confirmed numerically.

Optimization of relates to a vector-quantizer design
problem. Consider a size- vector quantizer , which ac-
cepts the -dimensional complex channel vectors as
inputs, and maps them to a codebook comprising code-
words, which in our case correspond to the transmission modes

. Associated with this vector quantizer
is a partition of the input-vector space into cells, which
are exactly in our case. Furthermore, this
equivalent vector quantizer relies on the function

(17)

to measure the distortion between the input vector and the
codeword . The objective can thus be interpreted as
the overall average distortion measure associated with

(18)

Designing a vector quantizer amounts to finding a codebook
along with a partition rule that minimize the overall average dis-
tortion measure (18). Two necessary conditions of optimality
prove to be essential for the design of a vector quantizer. First,
necessary for the optimality of the codebook, is the so-called
centroid condition, which specifies that for each region, the op-
timal codeword should be chosen to minimize the distortion
measure averaged over that region. Eigen-beamforming [(14)]
together with power waterfilling [(15)] correspond to the cen-
troid condition in our case.

Second, necessary for the optimality of the partition is the
nearest-neighbor rule, which dictates all input vectors closer (in
the smaller distortion measure sense) to the codeword than
to any other codeword, be assigned to region . The nearest
neighbor rule, partitions the channel space as follows

(19)

3) Iterative Descent Algorithm: Generally, it is impossible
to optimize transmission modes and fading regions jointly. In
the following, we present an iterative descent algorithm that
couples these two subtasks repeatedly to enable the final design
of the transmission modes and the fading regions.

Iterative descent algorithm

s1) Initialize with any valid set of , and
calculate in (13).

s2) For the current transmission modes, find the optimal
fading regions minimizing .
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Fig. 2. Convergence of the iterative descent algorithm.

s3) Exit with the current design of transmission modes
and fading regions if converges.

s4) For the current fading regions, find the optimal trans-
mission modes minimizing .

s5) Loop back to s2).

This iterative descent algorithm is similar to the generalized
Lloyd algorithm, which is popular in the vector-quantization lit-
erature [9], [10]. For a typical vector quantizer, steps s2) and
s4) have the same objective . This implies that the overall
distortion is reduced or at least remains unchanged after each
iteration, and proves that the generalized Lloyd algorithm is
guaranteed to converge in a finite number of iterations [10]. The
difference here is that is an upper bound to . Due to
the slight objective mismatch in steps s2) and s4), there is no
guarantee that our iterative descent algorithm converges in fi-
nite number of iterations. To assess convergence, we will rely on
simulations. Fig. 2 shows one realization of the achieved distor-
tion after each iteration, from which it can be verified that
the iterative descent algorithm converges fast, typically within
five iterations.

Upon completion of this iterative descent algorithm, we
have available a joint design of the transmission modes, and
the fading regions. Meanwhile, we have obtained an optimal
operating point on the D-C plane, meaning that a
continuous-rate throughput of is achieved with a power
budget .

C. Bisection Search to Locate

In Section III-B, we minimized the Lagrangian using
an iterative descent algorithm for a given parameter . A con-
tinuous-rate design of fading regions and transmission modes
was thus obtained. In the meantime, we obtained a deviation

and a power cost , that determine an optimal pair
on the D-C plane. Our goal in this subsection is

to quickly find the optimal pair with parameter , such that
.

It can be easily seen that is monotonically decreasing
with . Furthermore, is convex. To establish the latter,

suppose we have scheme 1 operating at point on
the D-C plane, to achieve a minimum deviation of with
power budget ; and scheme 2 operating at point ,
to achieve a minimum deviation of with power budget .
When the given power budget is , a deviation of

can be guaranteed by a balanced time sharing
between schemes 1 and 2. Therefore, the optimal scheme with
power budget must achieve a minimum deviation
less than , i.e., .
Since schemes 1 and 2 are chosen arbitrarily, the function

is convex. Motivated by the monotonicity and convexity
of , we briefly describe in the following a bisection search
algorithm [18] to locate .

1) Choose a proper Lagrange multiplier and
apply the iterative descent algorithm, to obtain

, and . Make
sure .

2) Choose a proper Lagrange multiplier and
apply the iterative descent algorithm, to obtain

, and . Make sure
.

3) Update the Lagrange multiplier using:
.

4) Apply the iterative descent algorithm to obtain
, and .

5) If with , then exit; If
, then set , ,

; Else, set , ,
.

6) Loop back to step 3).

Basically, we start the search knowing that the desired lies
inside the interval . We proceed by generating a

inside , and test in which of the subintervals,
or , the desired lies. With the in-

terval properly updated, this procedure is applied
iteratively to yield the final result .

In summary, to maximize the data throughput in (11) with
continuous-rate system designs, we adopt a nested iterative ap-
proach, as shown in the flow chart of Fig. 3. Two loops operate
jointly to yield final designs of the transmission modes and the
fading regions. Specifically, the bisection search algorithm op-
erates in the outer loop to locate a proper parameter , while the
iterative descent algorithm operates in the inner loop to actually
find the transmission modes and the fading regions. We stress
that the entire design procedure, although complicated, will be
performed offline before the system operation starts. In the op-
erational mode, the receiver only needs to assign the estimated
channel to the region it belongs to, as in (19). This complexity
increases only linearly with . Since is of moderate value in
practice, real-time operation is certainly affordable.

D. The Discrete-Rate Case

Up till now, we have been focusing on the continuous-rate
scenario. Although system designs for the continuous-rate
scenario provide intuition and useful guidelines, the associated
nonsquare -QAMs require high implementation complexity
[11]. For this reason, practical system designs typically opt for
discrete-rate signal constellations.
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Fig. 3. Algorithm flow chart.

In the discrete-rate case, however, even directly optimizing
the suboptimal objective in (11) does not lead to a meaningful
solution. Considering the design resulting from the nested it-
erative algorithm for the continuous-rate case, we see that it is
the design of transmission modes that violates the discrete-rate
constraint. This suggests retaining the design of the fading re-
gions from the continuous-rate case, and continuing to pursue
the design of transmission modes that meet the discrete-rate re-
quirement. In other words, we wish to

(20)

where, different from (11), ’s are already known here. If all
regions are chosen with the same probability, then the problem
formulation in (20) is identical (up to a multiplicative constant)
to the power and bit loading in multicarrier OFDM systems with
the integer bit constraint [18], where all OFDM carriers appear
with the same probability 1. It can be easily verified that the
algorithm in [18] can be extended to our case with nonuniform

across different transmission modes. We refer the readers to
[18] for the algorithm development.

We underscore that with chosen to meet (c4) in the contin-
uous-rate case, the power- and bit-loading solutions in the dis-
crete-rate case will also guarantee (c4), since the product
remains the same in both cases, based on (10), leading to the
same actual BER in (4).

The resulting power/bit loadings, together with the eigen-
beamforming in (14), constitute a practical design of transmis-
sion modes under the discrete-rate constraint. Combined with
the design of fading regions inherited from the continuous-rate
scenario, the discrete-rate design of fading regions and trans-
mission modes is, therefore, complete.

E. Implementation Issues

1) Training-Set-Based Implementation: Notice that the iter-
ative descent algorithm requires exact specification of the fading
regions’ geometry, which is not easy in practice. Furthermore,
computation of involves multiple integrals over
regions of arbitrary shapes, and is generally intractable ana-
lytically. For practical implementation purposes, we will use a
training set. Specifically, let be a training set,
where each is a sample vector generated according to the
true distribution , where is the size of the training
set. Instead of the true channel distribution , we use the
sample distribution based on the training set

(21)

where is the Dirac delta function. This is actually a Monte
Carlo method to evaluate the integrals involved, and has become
a standard approach in vector-quantizer designs. The strong law
of large numbers ensures that as the training-set size in-
creases, the sample distribution will converge with probability
1 to the actual distribution [10, p. 364]. Specifying region ge-
ometries boils down to classifying the training set, and the com-
plicated integrals are replaced by simple sums. Furthermore, we
can see from (21) that the transceiver design applies equally well
for correlated and even non-Gaussian channels, as long as a sta-
tistical description of the channel vectors is available to generate
the training set. We stress that the training set is required only
in the transceiver-design phase, but is not necessary during the
data-transmission phase.

2) Outage Region: We find that the implementation of our
suboptimal algorithm can be improved by explicitly setting one
region to be an outage region, over which no data transmission
occurs. Specifically, we introduce an auxiliary region

(22)
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Fig. 4. Achievable data throughput, N = 2. � = 4:0, � = 0:33 (1 b),
� = 1:90, � = 0:66 (2 b, average SNR >= 10 dB), � = 1:94, � = 0:66
(2 b, average SNR< 10 dB).

This outage region is well motivated from the ideal case
with perfect channel knowledge. Even with perfect CSI, data
transmissions have to be suspended for channels with small
amplitudes, in order to improve the overall spectral efficiency
[8], [11]. This insight turns out to be very useful, as we find
that introducing the outage region leads to a higher data
throughput relative to the alternative implementation without
specifying the outage region. The reason is that the required
BER precompensation factor is now smaller because “bad
channels” in the outage region are excluded from the av-
erage BER (which is usually dominated by the worst channel
realizations).

Taking into account the outage region (22), we modify our
nearest-neighbor rule in (19) as

(23)

where is a tuning parameter. We use empirical values for
in our numerical tests in Section IV. Our nested algorithm is
then implemented with a mandate in (22), and a modified
nearest-neighbor rule in (23).

IV. NUMERICAL RESULTS

We set , , , and define the
transmit SNR as . If , we just need to absorb
into the transmission power ; the codebook design in Sec-
tion III depends only on the average received SNR .
The training set size is chosen as 25 600. In each test case, the
parameters , are selected empirically to meet the BER con-
straint (c4), and will be reported along with the plots.

Test Case 1—Achieved Data Throughput: For 2 and 4,
respectively, Figs. 4 and 5 display the simulated data throughput
with a variable number of feedback bits. The throughput upper
and lower bounds from Section II-C are also plotted. Com-
paring the data throughput achieved by continuous-rate designs

Fig. 5. Achievable data throughput, N = 4. � = 3:2, � = 0:33 (1 b),
� = 1:9, � = 0:66 (2 b).

Fig. 6. Achieved BER.

with their corresponding upper and lower bounds, we see that a
limited number of feedback bits can considerably improve the
overall system throughput. The same holds for discrete-rate de-
signs. The improvement is most significant for the first feed-
back bit, while the extra data throughput improvement decreases
as the number of feedback bits increases. A tradeoff between
the achievable data throughput and the number of feedback bits
therefore emerges. In practice, only a small number of feedback
bits (say three or four per block) might be favored.

Due to the discrete-rate constraint, an SNR-dependent data
throughput gap always exists between a discrete design and its
continuous counterpart. However, this throughput gap shrinks
very quickly as the number of feedback bits increases (see,
e.g., Fig. 4). When is large enough, the gap stabilizes and be-
comes uniform across the entire SNR range. This justifies our in-
vestigation of the continuous-rate case despite its practical lim-
itations. The exact average BER performance achieved by the
discrete-rate design is displayed in Fig. 6, which demonstrates
that the BER constraint is indeed satisfied.
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Fig. 7. Comparison with existing schemes, N = 2.

Fig. 8. Comparison with existing schemes, N = 4.

We next carry out comparisons with certain existing trans-
mission strategies in terms of the achieved data throughput
under the same average BER constraint, where only dis-
crete-rate designs are considered. Fig. 7 with and Fig. 8
with compare the proposed adaptive design with the
space–time linear constellation precoding (ST-LCP) scheme of
[27], which requires no feedback bit, and with the strongest an-
tenna-selection scheme [7], which requires two feedback bits.
As we see, when only one feedback bit is available, the adaptive
design normally does not provide much gain over the STBC.
However, when two or more bits are used, the adaptive design
typically outperforms nonadaptive alternatives. Furthermore,
with the same number of feedback bits, the proposed adaptive
scheme either achieves comparable data throughput ,
or outperforms the antenna-selection scheme .

For comparison purposes, we also study some heuristic de-
sign examples of separate modulation and beamforming adapta-
tion, as a systematic design approach is not available yet. Specif-
ically, we investigate a multiple-input, single-output (MISO)
system example with transmit antennas and

Fig. 9. Comparison with separate adaptations, N = 2, B = 2.

feedback bits per block. Suppose one feedback bit is used
to index modulation types, while the other feedback bit is
used to select the stronger antenna from the two. For this spe-
cial case, the pdf of the equivalent SISO channel can be written
in a closed form by using order statistics. For the two can-
didate modulation types indexed by , we consider three al-
ternatives: 1) no transmission and 4-QAM modulation; 2) no
transmission and 16-QAM modulation; and 3) no transmission
and 64-QAM modulation. For example, for the last alternative,

may stand for no transmission, while may signal
64-QAM modulation. The modulation-adaptation policy on top
of the equivalent SISO channel is then obtained through numer-
ical search, following the design approach in [11]. The achieved
data throughput for each of the three alternatives is plotted in
Fig. 9, and compared with the joint-adaptation scheme. We see
that the joint-adaptation schemes generally provide higher data
throughput, although at the cost of higher design complexity.

Notice that the separate design could also make SNR-depen-
dent choices: it can use alternative 1 in the low-SNR range, al-
ternative 2 in the medium-SNR range, and alternative 3 in the
high-SNR range. In such a scenario, the joint design has a per-
formance edge over the separate design only in the range of
medium-to-high SNRs, and becomes inferior at low SNR (due
to the approximations made in the development).

Test Case 2—Typical Channel Space Partition: We finally
consider a two-input single-output (TISO) system with
and SNR dB. The channel space in such a case is four-di-
mensional with two complex channel coefficients, which is im-
possible to plot directly. We therefore consider plotting only a
subspace of the entire channel space. We choose the x-axis to
be the relative phase defined as ranging from

to , and the y-axis to be the relative amplitude defined as
ranging from 0 to . Fig. 10 shows

the normal regions partitioning the entire subspace. For
every region, the small block inside represents the beamforming
vector. Generally, each region has an irregular shape. This cor-
roborates our usage of the channel sample distribution based on
the training set, as discussed in Section III-E.1.
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Fig. 10. A display of the normal regions: N = 2,N = 16.

V. CONCLUSIONS

In this paper, we investigated a multiantenna system with
adaptive modulation and transmit beamforming based on rate-
limited feedback. Subject to BER and transmit-power con-
straints, our adaptive system design was carried out by jointly
adjusting the transmit power, the signal constellation, the
beamforming direction and the feedback strategy according to
the available finite number of feedback bits. For the continuous-
rate case, a nested iterative approach was developed to yield a
suboptimal yet practical system design. A discrete-rate system
was designed based on the continuous-rate system. Numerical
results demonstrated increased data throughput confirming
that a finite number of feedback bits can improve the overall
performance considerably.
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