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On Regularity and Identifiability of Blind Source
Separation Under Constant-Modulus Constraints
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Abstract—We investigate the information regularity and identi-
fiability of the blind source separation (BSS) problem with con-
stant modulus (CM) constraints on the sources. We establish for
this problem the connection between the information regularity
[existence of a finite Cramér—Rao bound (CRB)] and local iden-
tifiability. Sufficient and necessary conditions for local identifia-
bility are derived. We also study the conditions under which unique
(global) identifiability is guaranteed within the inherently unre-
solvable ambiguities on phase rotation and source permutation.
Both sufficient and necessary conditions are obtained.

Index Terms—Blind source separation (BSS), constant modulus
(CM), Cramér—Rao bound (CRB), identifiability, information reg-
ularity.

I. INTRODUCTION

HE problem of recovering multiple signals from a linear

mixture of them is frequently encountered in wireless
communications and signal processing applications. In di-
rect-sequence code-division multiple-access (DS-CDMA)
systems, the received signals are the superposition of signals
from multiple users, where the mixing matrix is the users’
signature sequences. In systems with multiple transmit and
receive antennas, each receive antenna receives a mixture of
signals from all transmit antennas. Usually, the mixing matrix
is known at the receiver (e.g., in some DS-CDMA systems),
or it is estimated by sending pilot signals from transmitters
to receivers. With knowledge of the mixing matrix, standard
detection techniques can then be used to retrieve the source
symbols [1], [2].

In some cases, however, the mixing matrix is unknown, and
the training is either undesirable due to spectral efficiency con-
cerns or unavailable due to security reasons. The problem of
extracting the source symbols without knowledge of the mixing
matrix or the training symbols is referred to as blind source sep-
aration (BSS). BSS algorithms typically take advantage of cer-
tain properties of the source data, such as source independence
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[3], [4], constant modulus (CM) [5], [6], or finite alphabet [7],
[8].

One of the most widely used BSS algorithms is the constant
modulus algorithm (CMA). Originally proposed for blind equal-
ization [9]-[11], it has also been applied to blind beamforming
and BSS [12], [5], [6], [13]. While extensive literature exists on
the CMA and various uses of the CM criterion (see, e.g., [14]
and the references therein), identifiability issues have not been
resolved fully.

Closely related to identifiability is the regularity of the Fisher
information matrix (FIM). The Cramér—-Rao bound (CRB) has
been widely used to investigate the performance limit of unbi-
ased parameter estimators. Since the existence of a useful CRB
depends on the regularity of the FIM, it is also of interest to
study the conditions of information regularity.

Information regularity and identifiability of blind identi-
fication of multi-input multi-output (MIMO) finite impulse
response (FIR) systems have been investigated in [15]-[17],
where no constraints were placed on the source signals. Dif-
ferent from these works, our focus in this paper is on the
problem of separating blindly multiple CM sources from an
instantaneous mixture. We will briefly describe the source sep-
aration problem in Section II. In Section III, we will investigate
the existence of a finite CRB for the BSS problem under CM
constraints. To accommodate the constraints imposed on the
source symbols, we will adopt the constrained CRB expression
of [18], which will be shown to be equivalent to the CRB
obtained by reparameterizing the constrained parameters. The
link between information regularity (a.k.a. existence of CRB)
and local identifiability will be established, and the conditions
for local identifiability will be derived. The issue of global
identifiability for the BSS problem under CM constraints
will be studied in Section IV. We will derive a sufficient and
necessary condition for this problem to be globally identifiable
up to a phase rotation and source permutation ambiguity, both
of which are inherently unresolvable by any blind algorithm.
Conclusions will be presented in Section V.

A. Notation

Upper and lowercase bold symbols will be used to denote ma-
trices and column vectors, respectively; (-)* will denote conju-
gation, (-)” Hermitian transpose, and ()7 transpose. In will
stand for the N x N identity matrix; z and = will denote the
real and imaginary parts of z, respectively; ® will represent
the Kronecker product; diag(z) will denote a diagonal matrix
whose diagonal elements are the entries of the vector z. Finally,
r(A) and || A || will be used to denote the rank and the Frobenius
norm of the matrix A, respectively.
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II. PROBLEM FORMULATION

Consider the following input-output matrix-vector model:
(i) = Hb(3) + w(7) €))

where H is an N x K mixing matrix, (%) is the received vector
in the ith symbol interval, and b(¢) and w() are the source
symbol vector and the noise vector, respectively. Equation (1)
appears in many problems related to wireless communications
and signal processing. A few examples follow.

A. DS-CDMA Systems

After chip-matched filtering and chip-rate sampling, the re-
ceived waveform can be written in the form of (1), where N is
the spreading gain, K is the number of users, and the columns of
H are signature sequences of all users scaled by their received
amplitudes. Signatures are spreading codes possibly convolved
with frequency-selective channels.

B. MIMO Systems

Here, N is the number of receive antennas, K is the number
of transmit antennas, and H;; stands for the flat fading channel
coefficient between the 7th receive antenna and the jth transmit
antenna.

C. Beamforming

Equation (1) can also model an antenna array with /V sensors
receiving K signals, where the sth column of H is the array
response vector corresponding to the sth signal.

In this paper, we will assume that the mixing matrix H is of
full column rank, the additive noise w(z) is zero-mean, white
Gaussian with covariance matrix o2I, and the source symbols
have constant modulus, namely, b(7) := [b1(4), . .., bx (i)]* sat-
isfies |b (i) = 1 fork =1,... K.

III. INFORMATION REGULARITY AND LOCAL IDENTIFIABILITY

The CRB is the lower bound of the covariance of unbiased
estimators of unknown parameters. It indicates the fundamental
performance limit of unbiased estimators. The nonexistence of
a finite CRB often signifies the lack of identifiability of a par-
ticular parameter estimation problem. Thus, it is of interest to
investigate the existence of a finite CRB for the BSS problem.

A. CRB for BSS Under CM Constraints

We will first compute the CRB of estimators H, b(i) in the
BSS model (1) under CM constraints. Since a small amount of
training data is needed to resolve the inherent phase ambiguity
of the CM constraint, we will suppose that a sufficient number
of (say the first T') symbols of every source by (7) are known.

Traditionally, the CRB for a constrained parameter estimation
problem is obtained by first eliminating the redundancy in the
parameters through a reparameterization and then computing
the FIM. In [19], Gorman and Hero derived a CR-type lower
bound from the Barankin bound, which can be computed di-
rectly from the unconstrained CRB and the constraint equations.
A more accessible proof was given by Marzetta in [20], while
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Stoica and Ng generalized this bound to cases where the un-
constrained FIM is singular [18]. Compared with the traditional
approach, the approach of [18] is more convenient and pro-
vides more insight to the effects of the constraints. In [21]-[24],
this constrained CRB was used to investigate the effects of var-
ious constraints, including CM, semi-blind, and source indepen-
dence, in the context of both calibrated and uncalibrated array
processing.

1) Constrained CRB Formulation: As mentioned previ-
ously, we will rely on the constrained CRB expression of
[18], which can be restated as follows. Let y be the vector of
observations and ¢ € R™ be the nx 1 real parameter vector
to be estimated. For a set of k& (k < n) constraints f(¢) = 0,
define the gradient matrix of the constraints as

gfl gfl gﬁ

b1 $2 P

7]

F(¢) = gﬁ)z oo @
of ok oy
o1 o2 O¢n

Assume that F(¢) has full row rank for ¢ in the constrained pa-
rameter space [rank deficiency of F(¢) usually indicates that
certain constraints are redundant and can be eliminated]. Let
U(¢) be the n x (n — k) matrix whose columns form an or-
thonormal basis for the null space of F(¢) and denote the un-
constrained FIM as J 4. If UTJ U (for notational brevity, we
will omit the parameter ¢ of U from now on) is nonsingular,
then any unbiased estimator ¢ must satisfy

E{(¢-¢)(¢—-¢)"} >UUTLU)U. (3

A finite CRB for the constrained parameter estimation exists if
and only if [UTJ,U| # 0 [18].

2) Relating Constrained With Reparameterized Uncon-
strained CRB: Unlike bounds such as the modified CRB [25],
the constrained CRB is tight. In the following, we will present
an alternative derivation of (3). Compared with the proof given
in [18], our derivation is less general (we need the additional
assumption that a global reparameterization exists), but it illu-
minates the link between this new CRB formula and the CRB
obtained by reparameterization rather nicely.

Since F(¢) has full row rank  for all ¢ satisfying f(¢) = 0,
the constrained parameter space is a submanifold of R™ with di-
mension n — k [26]. Suppose now that a global reparameteriza-
tion exists, such that each ¢ in the constrained parameter space
U = {¢|f(¢) = 0} can be written as ¢ = g(a), and g1 (U) is
an open subset of R”~*_ It then follows from the chain rule of
differentiation that
_Ofogla)  Of

0="Fa7 = 947 ¢ @

where o denotes composition, and G := dg/da™ . Equation (4)
implies that G belongs to the null space of F, which allows us
to write

G=UV &)

where U is the n X (n — k) matrix in (3). Denote the probability
density function (pdf) before and after the reparameterization as
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p(y, ¢) and ¢(y, @), respectively. The FIM after reparameteriza-
tion can be written as

- dlng(y. a) dInq(y, @)
Ja i=Fa [ da daT }
r9lnp(y,g(a)) a11119(1/ g9(a))
[G dg(a) o (a) G}
rq |9Inp(y, 9) a1np(y ¢)
=GB [ o6 opt ] “
=viu'J,uv (6)

where J is the unconstrained FIM. If J,, is nonsingular, then
V must be of full rank, and the reparameterized CRB can be
expressed as

)’} > (J.)" v-T,
(7)

Translating back to the original parameter ¢ using the CRB ex-
pression for transformations [27], we have

E{(a-a)(a- =v-(uT3,U)”"

E{@-#@-#"}>GI'G"
=Uvv-(UuT3,U) " vIvTUT
=U (UT3,U)" UT (8)
which coincides with (3).
3) Constrained CRB for BSS: Given M (generally complex)

observed vectors X = {z(0),...,z(M — 1)}, the likelihood
function is
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array processing [21], shown in (10) at the bottom of the page,
where

Re BBH Im [BBH]
A= (11)
—Im BBH Re [BBH]
o Re HHH —Im HHH]
D= <Im HHH Re [HHH] > (12)
Im [b(z)hﬂ
’ (—Im hH Re [b(z‘)hﬂ
b (M —1)
B = : : (14)
bk (0) bre(M —1)

and the empty spaces indicate that the corresponding matrix en-
tries are zero. Note that, due to the difference in the order of the
parameters, (10)—(14) are slightly different from those in [21].
The matrix J4 is singular because

N-1 M-1

> col(i+1) <Z> > col(N+i+1) <28> =0 (15)

=0 =0

where col(4) is the ith block column of Jy4 (e.g., col(l) =
(AT, 0 50, Mpo,... ,M07M_1)T). To verify (15), let us
examine the (n + 1)st (0 < n < N — 1) block row of the
left-hand side of (15):

h, b(i
R 1 ) A<i"n>_ ZM"Z<I3(3>
p(Xi8) = [T oz o0 |~z loli) ~ O 9 =
=0 Re [BBH} Im [BBH} (hn)
where ~ \-m[BB"| Re[BB"| ) \hn
T ;T 7T =T T ) . .
¢:=[ho ho,....hy_1,hy_y,b (0) 13_:1 Re [b(z)h?f] Im [b(L)hf} <I_)(L)>
T - ~T - s
xb (0),....b" (M —1),b (M -1)]" S\ - [bom7] Re [bin] ) \BO)
is the set of parameters to be estimated (expressed in terms of Re B* BT h M-1 [ Re [b* (L)bT(L)hn}
their real and imaginary parts), and we have denoted the nth = (Im B*BTh, ) Z AT
row of H as b’ . The unconstrained FIM for this problem has i=o \ Im [b ()b (Z)h“}
been derived by Sadler and Kozick in the context of uncalibrated =0. (16)
A Moo Mo -1
;5 2 A Mpy_10 - My_1m1 [ In Ji2 10)
°T o Mo My 10 D - \I% J2o
Mo a1 M%—l,]\[—l D
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and the case of N < n < N 4+ M — 1 can be verified similarly.
Therefore, without additional constraints, no meaningful CRB
exists.

Under the assumption that the sources are CM with amplitude
1 and the first 7' symbols are known, the parameter set ¢ should
satisfy the following set of constraint equations:

foircan(P) :=br(i) —bp; =0

1=0,....,T—1;k=1,...,.K (17)
feiryx+r(®) =br() —bri =0
i=0,...T-1,k=1,....K (18)

frriorin(@) :=br(i)? + bp(i)> =1 =0
=T, .. M—1k=1,... K. (19

The gradient matrix for these constraints is an (M + T)K x
(2N + 2M)K matrix

Lrk
Fr
F(¢) =
O(Mm+T)Kx2NK
Fuyoa

where F; := [2B;,2B,], B; := diag(b(i)), B; := diag(b(i)),
and the empty spaces indicate zero entries. The basis for its null
space is

Linkxenk *

o7 5 (M—T) K
~Br
Br

B

Bar—1

<U11 * )
* U22

where * stands for all-zero matrices of appropriate dimensions.
Using the inversion formula for block matrices, we obtain the
CRB in estimating vec(H”) as

-1 -1 _
[311 — J15Us, (U3,J2:Us) Ugﬂg} =[J - K]

(22)
where K denotes the block matrix
Ko,0 Ko,n-1
K= . o (23)
Kn-1,0 Ky_1,v-1

>

whose entries can be shown (after some algebra) to be
()R BT

m,n = 0_2 Z: < hHBH]

x (Im[b(i)A}YB})"  Relb(i)h;'B}]").

) (Re[BYH"HB,]) '
(24)

Having expressed in closed form the constrained CRB for our
BSS parameter estimation problem, we proceed to use it in
linking local identifiability with information regularity.
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B. Local Identifiability and Information Regularity

The regularity (invertibility) of the FIM is related to param-
eter identifiability. To investigate the link between them in the
BSS context, we first introduce several relevant definitions [28].

Definition 1: Suppose a family of probability measures
{F(-,¢),¢ € ®} on a measurable space ({2, F) is dominated
by a o-finite measure ;!. Two parameter values ¢y and ¢, are
said to be observationally equivalent if

dF (x,¢0) _ dF(x,qSl)a
du dp '

e.[y]. (25)

Definition 1 basically means that two parameter values can be
seen as equivalent if the probability densities indexed by them
are the same except on a set of measure 0.

Definition 2: Suppose the family {F(-,@),¢ € @} is dom-
inated by a o-finite measure . A parameter value ¢g € @ is
said to be locally identifiable if there exists an open neighbor-
hood of ¢y containing no other ¢ € & that is observationally
equivalent to @y; it is said to be (globally) identifiable if there
exists no other ¢ € P that is observationally equivalent to ¢.

Due to the permutation ambiguity present in the BSS
problem, [H,B] is not globally identifiable, in general. In
this subsection, we will focus on local identifiability. The link
between local identifiability and information regularity is given
by the following theorem [29]:

Theorem 1: Assume that i) the unconstrained parameter
space ® is an open set in R"; ii) the likelihood function p is
non-negative, and the equation [ p(y|¢)dy = 1 holds for all
¢ € ®; iii) the support of p is the same for all ¢ € @; iv) p is
smooth in @; v) the elements of the unconstrained FIM J  exist
and are continuous functions of ¢ everywhere in ®; and vi) ¢
satisfies a set of constraint equations f;(¢) = 0,
where each f; possesses continuous partial derivatives. Denote
&’ as the constrained parameter space. If the matrix

V9= [etp)

has full rank at ¢ = @9 € &, then ¢ is locally identifiable.
Furthermore, if both V(@) and F(¢) do not change ranks in an
open neighborhood of ¢, then the converse is also true.

In the following, we will show that in our BSS context, in-
formation regularity is closely related to local identifiability. To
this end, we will need the following lemma.

Lemma 1: 1If F(¢o) has full rank, then V(¢y) has full rank
if and only if U7 (¢0)J 4, U(¢o) has full rank, where U(¢y) is
a matrix whose columns form an orthonormal basis of the null
space of F(¢y).

Proof: See Appendix A.

Recall that a sufficient and necessary condition for the con-
strained CRB to existis [UTJ4U| # 0. Checking (9)—(13), it is
easy to see that conditions i)—vi) of Theorem 1 are satisfied by
the BSS problem under CM constraints; therefore, local identi-
fiability is a necessary condition for information regularity. Es-
tablishing the sufficiency part is more difficult. We can verify
that F(¢) has constant rank on the constrained parameter space

i=

(26)

A measure 4, is said to be dominated by o, if pto(F) = 0 implies that
w1(F) = 0, where F' € F.



1276

by checking (17)—(20). While we can also prove that J 4 has con-
stant rank using results from [17] and [23], we are not able to
establish the constant rank property for V(¢). Numerical study
seems to suggest, however, that local identifiability in general
leads to information regularity.

C. Conditions of Local Identifiability

From (9), we can see that a set of parameters ¢ is not locally
identifiable if and only if given any € > 0, there exists another
set of parameters ¢’ such that ¢’ belongs to the constrained pa-
rameter space ||¢ — ¢'|| < ¢, and

HB = H'B'. 27
With this fact, we can obtain the following result:

Theorem 2: Assume that i) the data symbols of different
sources are independent; ii) the kth source’s symbols bg(4),
1 = 0,...,M — 1 are independent and identically distributed
(i.i.d.) random variables drawn from the CM constellation Ay
such that |bx(7)] = 1 and E[bx ()] = 0; iii) the mixing matrix
H has full column rank; and iv) at most one source has binary
antipodal constellation. Then, the true parameter set [H, B] is
locally identifiable (with probability 1, as M — o0), if and
only if one data symbol from each source is known (i.e., the
only local ambiguity is the phase ambiguity).

Proof: Local identifiability of ¢ means that there exists
an open neighborhood of ¢ in which we cannot find ¢’ such
that (27) holds true. Establishing necessity is easy because of
the existence of phase ambiguity. To prove sufficiency, suppose
that [H, B] is not locally identifiable. Consider ¥ := [X,Y]
such that ||¥|| = 1, where X and Y are matrices with the same
dimensions as H and B, respectively. Denote ((¥) := || XB +
HY||. Due to the lack of local identifiability, we can find for
any € > 0 a parameter variation ¢ such that ||6@|| = r < e and

HB = (H + §H)(B + §B). (28)
From (28), we have
2 i
r= > [[((H)(6B)|| = |H(6B) + (¢H)B|| = ¢ <m) :
(29)

As r goes to zero, we have that if §¢ satisfies (28), then it must
satisfy the following equation:
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where dH := 6H/||6¢||, and dB := §B/||6¢||. Therefore,
(dH)B + H(dB) = 0. 31)

Similarly, from the constant modulus constraints on the data
symbols, we can show that

d|be(8)|? = br(i)dby (i) + b (i)db (i) = 0. (32)
Since H and B have full rank, we have from (31)
dH = —H(dB)B” (BBT)_l =Hlg.  (33)
and
dB = — (HTH) " H7(dH)B := ExxB.  (34)
Substituting (33) and (34) into (31), we obtain
HII+E)B=0 (35)
which leads to
O=-2 (36)

because H and B have full rank. Therefore, (31) has a nontrivial
solution only if we can find a matrix Z such that iB = ZB # 0,
and the elements of dB satisfy (32). Writing (34) in the fol-
lowing form:

(37)

dBl (m)
_<131(m) br(m) —bi(m) - —_EK(m)> ¢

(38)

where £7' is the first row of [Z,Z]. Left multiplying (38) by
[b1(m) by (m)], and considering all m, we obtain (39), shown
at the bottom of the page, where p1;(m) := by (m)bi(m). Per-
muting the columns of (39), we obtain (40), shown at the bottom
of the next page. Defining

0\ _ - _ ((=be(m)  br(m)
<(ji5) = lamm 4 H@m =0 Go Boi= (i) B an
1 p12(0) p1r(0) 0 p12(0) p1x(0)
0 = | o e 61 = A£1 (39)
L pra(M —1) pic(M—1) 0 p1o(M—=1) pr1(M—1)
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from (40), we can see that (A')T A’ /M is a block matrix, with
(i, 7)th block

7 Z T [2 " ] [B1(m) b1 ()| By 1= Bij. - (42)

We can verify that if ¢ = j = 1, then X;; = diag(0, 1), whereas
if i # j, then X;; converges to the zero matrix as M — o0;
finally, if ¢« = j # 1, then as M goes to infinity, X;; converges

to
o _ (Z(1,1) Z)(1,2)

where £3;(1,1) = E[b30? + 0307 — 2b1b1b;b;), £55(2,2) =

E[B26? + b3b? + 2b1bib;b], and £;(1,2) = 2?1(2/1)
E[(=b% +b3)b;b; + (b2 — b?)b1by). The determinant of £Y; can

then be shown to be
= (B + (503) 42 (Bl
X :E[bi]zE[Ei]Q] - (E[bil;i])z}
(E[E?]) +2 (B Bz])z}

+ | (B6)” +
« |Ep2ER - (E[blgl])Q}

(43)

(44)

which is equal to O if and only if l~)1 = a1b; and l~) = a;b;
with probability 1 for some constants a; and a;. Due to the CM
constraint, the condition b1 = a1b; leadsto by = j:l/\/a1

meaning that by is binary and antipodal. The same arguments
hold for b;. Therefore, for Egi to be singular, both b; and b;
must be binary and antipodal. Since we have assumed that at
most one user has binary and antipodal modulation (condition
iv), E is nonsingular, and hence, A has rank 2K — 1. We can
see that for €1 satisfying (39), only the (K + 1)st entry of &3 can
be nonzero, i.e., &1 = [0x ¢1 0x_1]7, for some c¢1. Applying
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Therefore, the admissible local variation ||6¢|| = r < e should
satisfy 0hy, = —rcijhy, which leads to

hy, + Ohy = hk(l — jTCk). (48)
Denoting the angle of dhy, as Z6hy, we have
N 7 el [l | L7 IS _
lim 7z = i —greelibell = 0. @49
Therefore, the only local ambiguity is the phase ambi-

guity, which can be eliminated by assuming that we know
[b1(0),...,bx(0)]. [ |
Next, we examine the case where all sources have binary an-
tipodal constellations. We first prove the following lemma.
Lemma 2: Assume that By is a K x 2% matrix with entries
b;; € {1,—1} and that no two columns of B are identical. In
addition, assume that y is a 2K % 1 vector whose ith element is
of the form by,;(e’% — 1), where f; € (—7/2,7/2). Then, the
solution x := [z1,...,zk]|? to the following equation:

x'Bx =y’ (50)
has at most one nonzero element besides .
Proof: See Appendix B.

With Lemma 2, we can now derive the condition for local
identifiability of systems with binary antipodal source symbols.

Theorem 3: Assuming that all sources use binary antipodal
constellations and that data symbols from different sources and
in different time slots are independent from each other, the first
T symbols of all sources [by(m), ..., bx(m)], m =
1 are known, and H has full column rank. Then, the true pa-
rameter set [H, B] is locally identifiable (with probability 1, as
M — o) if and only if no two rows of the matrix B are de-
pendent, where

. = . b1(0) bi(T - 1)
similar arguments to the other columns of =, we obtain that
Br=| : : (51)
E=0 45) br(0) br (T —1)
and Proof: If all sources adopt the same binary antipodal
constellation, we can assume without loss of generality that
= diag{cy,...,cx}. (46) br(m) € {—1,41}. This problem is locally identifiable if and
only if there exists € > 0 such that there is no ¢ # 0 satisfying
Combining with (33) and (36), we have logll < e
dhy, = —cijhy. 47 HB = (H + ¢H)(B + 6B) (52)
0 1 p12(0) p12(0) p1x(0) p1x(0)
0 = | o & =NE,. (40)
0 1 pra(M—1) pra(M—1) (M —1) pig(M—1)
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all elements of B 4+ 6B have magnitude 1, and 6B1 = 0, where
8b1(0) obi (T —1)
6Br = (53)

S (0) Sbac (T — 1)

Therefore, a lack of local identifiability is equivalent to the ex-
istence of nonzero 6H and 6B, satisfying

(H + §H)(5B) + (SH)B =0
§Br =0

(54)
(55)
and the CM constraint for the symbols. Since H has full column

rank, for e small enough, H 4+ ¢H also has full column rank.
From (54), we deduce that there exists 2 such that

0B =

m

B. (56)

Substituting (56) into (54), we obtain

SH(I+ E) = —HE. (57)
Therefore, the kth row §£ of = should satisfy
obi =¢T'B (58)

where the ith entry of 8by, is 9by. (i) = bx(4)(e/7*() —1) for some
0r(1) € (—m/2,7/2). As M — oo, the columns of B contain
all possible values of [b,...,bx]T with probability 1. From
Lemma 2, at most one element of &, is nonzero besides &y If
no two rows of Br are dependent, then €7 By = 07 dictates
that £, = 0. Since this holds for all &, the local identifiability
is established. On the other hand, suppose two rows of By are
dependent. Without loss of generality, we assume that the first
two rows b; and b, are dependent. We have either by = by or
b; = —by. If by = bo, then we can verify that letting

(e’ —1) -1 -1) 0 -+ 0
_ 0 0 0 ---
== : : : (59)
0 0 0 --- 0

where |#] # 0 is small, we can obtain nonzero ¢H and §B that
satisfy all the constraints. Similar arguments hold when b; =
—bs. |

Remark: 1f no two rows of By are dependent, then the min-
imum value of T is Tiin = [logy K| + 1. To see this, first
note that we can assume without loss of generality that b1(0) =

- = bg(0) = 1.IfT > Tmin, then we can let each of
by, = [br(1),...,bx(T — )] (k = 1,..., K) take one dis-
tinct value among all 27—1 (1" — 1)-vectors with 1 entries.
Apparently, no two rows of the resulting matrix are dependent.
If, on the other hand, T' < Ty,;y, then there exist k1 and ks such
that b;, = bj,, and row k; and row k are dependent.

IV. UNIQUE IDENTIFIABILITY

A definition of identifiability that is particularly relevant to
the BSS problem with CM constraints is the global (unique)
identifiability that is defined as follows [30].
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Definition 3: The BSS problem under CM constraints is
uniquely identifiable if any set of parameters ¢’ that is observa-
tionally equivalent to the true parameter set ¢ satisfies

H =HT! (60)
and

B’ =TB (61)
where T 1is an admissible transformation, ie., T =

diag(ay,...,ax)P, in which P is a permutation matrix,
and |ax| = 1,VE =1,..., K.

In [30], it is shown that for CM signals, if the number of
observed samples is large enough and if the signals are rich
in phase, then these signals are uniquely identifiable. More re-
cently, necessary and sufficient conditions for unique identifi-
ability were obtained in [31] based on Kruskal’s permutation
lemma. Both the phase richness condition of [30], as well as the
one in [31], are difficult to verify. In [32], persistently exciting
sources were shown to guarantee unique identifiability, and a
lower bound of the finite sample identifiability was given for
i.i.d. circularly symmetric CM sources. In this section, we will
show that sources with finite CM constellations are uniquely
identifiable as long as all except one source constellation have
more than two elements.

Theorem 4: Suppose the data symbols from the kth CM
source belong to the finite alphabet set A, and the probability
assigned to each vector of Ay X - - - X Ak is nonzero. When the
number of observed samples is large enough, the transmitted
data and the mixing matrix can be uniquely identified if and
only if the mixing matrix H has full column rank, and at most
one alphabet set is binary and antipodal.

Proof: Assume that B’ = TB and all entries of B and
B’ have amplitude 1. Let us examine the ith row of T, which
we denote as t; := [t;1,...,t;x]T . Apparently, #; # 0. Assume
without loss of generality that ¢;; # 0. Since the alphabet set
is finite, given enough samples, we can pick four columns of B
that have the following form:

1 e 1 e?
1 1 eIY ei?
b(3)):=| b3 by bz b3
bk bx bk bk
(62)
where 6,1 € (0, 2). Since all entries of B and B’ have ampli-
tude 1, ¢; must satisfy

K
£ b(0) =t + tio + Ztikbk = e/ (63)
k=3
. K .
t7b(1) =tie’® +tin + Ztikbk = (64)
k=3
t1b(2) =tiy + tioe? + > tighy = €I (65)
k=3
. . K .
tLTb(:;) = tﬂe]e + tizeﬂb + Z tirbr = el (66)

k=3
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for some ¢,, € [0,27), n = 0, 1, 2, and 3. Therefore
b1 _ pido — pits _ pid2 (67)

which is equivalent to

I (G1+60)/2) iy PL= PO _ i(ston/D) iy 3= (gg)
2 2

Therefore, we have either

sin b1 —do _ sin s =92 _ 0 (69)
2 2
or
sin 21500 oi((91+60)/2)
sin =92 ci(@atoa)/2) +1. (70)

If (69) holds, then ¢1 — g = ¢p2 — ¢p3 = 0. From (63) and (64),
it is straightforward to see that ;7 = 0, which contradicts our
assumption. Therefore, (70) holds. If

sin PL= %0 _ g #3 = 92 £0 (71)
2 2
then
d((d1+60)/2) — i((63+¢2)/2) (72)
From (71) and (72), we deduce that
b1+ do = 2+ @3 (73)
and
$1 — Ppo = £2m — (¢3 — P2) (74)
which in turn leads to
1 — P2 = p3 — o = *m. (75)
Combining (64), (65) and (75), we have that
t,;l(l-l-e]e)+t7‘,2(1+€j¢)+22t,‘,kbk =0. (76)
k=3

Since (76) holds for all possible values of {bs, . .., bx }, we have
tix = 0,k = 3,..., K. If at most one source has binary an-
tipodal constellation, then el? # —1; otherwise, (76) does not
hold. From (76), we have

1+e/®

=T 4 (77)

tiz _1—|—er il

Substituting (77) into (63) and (64), after some algebra, we can
obtain

eIV — ¢if sin #
6T 1 g N

ej(¢0—¢1) — (78)

Therefore, ¢9 — ¢p1 = mm for some integer m. If m is odd,
from (75), we deduce that ¢/?0 = /%2, Combining with (63)
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and (65), we have t;o = 0. If m is even, from (63), (64), and the

assumption that ¢;; # 0, we have e’ ® = 1, which also leads to

t;o = 0 because of (77). For the case of
$1— o . 3 — b2

sin —— = —sin—— #0
we can obtain identical results using similar arguments. There-
fore, only one element of #; is nonzero, and this nonzero ele-
ment has amplitude 1. Since ¢ is arbitrary, any row of T has at
most one nonzero entry. If any column of T has more than one
nonzero entry, then at least one column of T has all zero en-
tries. Supposing that column £ is all zero, then since H has full
column rank, we have

(79)

B = (H"H) 'H'H'TB. (80)
If the kth row of B is changed, the left-hand side of (80) will
change, whereas the right-hand side will stay the same, which is
clearly impossible. Therefore, any column of T has exactly one
nonzero entry, and hence, it must be an admissible transforma-
tion if at most one source constellation is binary and antipodal.

If, on the other hand, at least two source constellations are
binary and antipodal, we can assume without loss of generality
that A; = Ay = {1, —1}. Tt is then straightforward to see that
we can find 6, 1) such that

(T2 0
Ty := < 0 IK—2> (81)
is not admissible, where
11+ 14e?
T2:§<1—ej9 | it ) (82)

Since all the entries of ToB have magnitude 1, this problem is
not uniquely identifiable. ]

V. CONCLUSIONS

In this paper, we investigated the information regularity and
unique identifiability of the BSS problem under CM constraints.
We derived the sufficient and necessary conditions for local
identifiability, which is closely related to information regularity.
We also studied the unique identifiability of blindly separating
multiple CM sources with finite alphabet. Sufficient and nec-
essary conditions under which this problem has a unique (up
to phase rotations and source permutation) solution were ob-
tained.?

APPENDIX A
PROOF OF LEMMA 1

We will first prove necessity. For notational brevity, we will
omit the parameter ¢ here. If V has full rank, then (V) = n
and r(F) = k. Using the following inequality for the rank of
matrix products [33]:

r(VU) > r(V)+r(U) —n (83)

2The views and conclusions contained in this document are those of the au-
thors and should not be interpreted as representing the official policies, either
expressed or implied, of the Army Research Laboratory or the U. S. Govern-
ment.
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we have that 7(VU) = n — k, which implies that VU has full

column rank. Since
Jy _(JsU
(%)= (")

J 4 U has full column rank, and there exists no  # 0 such that
Uz is in the null space of J4. Since J 4 is a correlation matrix,
and thus positive semidefinite, there exists no £ # 0 such that
zTUTJ Uz = 0, which means that UTJ, U is of full rank.
To establish sufficiency, assume that there exists y # 0 that

satisfies
_(Js), _
Vy = < F ) y=0.

Apparently, y is in the null space of F and can be written as
y = Uz for some vector z # 0. Hence, we have J4;Uz = 0,
and UTJ,U is rank deficient.

(84)

(85)

APPENDIX B
PROOF OF LEMMA 2

For clarity, consider the special case where K = 3and k = 1.
From (50), the solution £ = [z1, 22, x3])" should satisfy

1 1 1 - edfi _ 1
1 ~1 ! eifa _ 1
1 -1 1 T2 | = edfs _ 1 (86)
1 -1 -1/ \™ s _
It is easy to see that
2.’172 = ej01 — €j93 = ej02 — ej94 (87)
and
2:53 — ej01 _ ej92 — ej63 _ €j94. (88)
Since
eifm _ it — 9ei((Bm+62)/2) gy Om — On 89)

2
and |6,| < 7/2 (n =1,...,4), from (88), we have that either

f1— 0y =603 — 0,
{m+%=%+@ ©0
which leads to #; = A3 and x5 = 0, or
01 —0y=03—0,=0 91

which leads to x5 = 0. It is straightforward to generalize this
procedure to K > 3 sources.
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