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Abstract

Relying on block spreading and despreading, where the
spreading and despreading matrices corresponding to the
same user only depend on this user’s signature code, we
propose a novel multi-user transceiver that achieves de-
terministic multi-user separation in the presence of un-
known time- and frequency-selective fading. More impor-
tant, Maximum Likelihood (ML) optimality is preserved in
this multi-user separation step in the presence of additive
white Gaussian noise. In addition to MUI-resilient recep-
tion, channel-irrespective symbol detectability is also guar-
anteed. The maximum achievable spectral efficiency is an-
alyzed, and an implementation based on conventional sym-
bol spreading and despreading combined with an (I)FFT
operation and interleaving is presented. Simulation results
show improved performance of the proposed transceiver
over a multi-user time-frequency RAKE receiver for Direct-
Sequence (DS) Code Division Multiple Access (CDMA).

1 Introduction

Relying on block spreading and despreading, where the
spreading and despreading matrices corresponding to the
same user only depend on this user’s signature code, var-
ious multi-user transceivers have recently been proposed to
achieve deterministic multi-user separation in the presence
of unknown time-flat frequency-selective fading, and guar-
antee channel-irrespective symbol detectability [2], [10],
[12], [4]. However, all these multi-user transceivers as-
sume that the underlying channels are time-invariant over
the transmitted frame. In practice, this assumption does not
hold true when channel time-variation arises due to high-
mobility, carrier frequency offsets, and phase drifts.

In this paper, we deal with multiple access in the pres-
ence of doubly-selective (time- and frequency-selective)
channels, and rely on a basis expansion channel model,

�Postdoctoral Fellow of the FWO-Vlaanderen.
ySupported by the NSF Grants 9979443, and 0122431.

which has previously been studied in [1], [7], [9]. Starting
from this model, we then propose a multi-user transceiver,
relying on block spreading and despreading, where the
spreading and despreading matrices corresponding to the
same user only depend on this user’s signature code. It turns
out that mutual orthogonality among users is preserved
even after unknown time- and frequency-selective propa-
gation. As a result, deterministic multi-user separation is
achieved in the presence of unknown time- and frequency-
selective fading. More important, ML optimality is pre-
served in this multi-user separation step in the presence of
additive white Gaussian noise. Hence, a multi-user detec-
tion problem is converted into a set ofequivalentsingle-
user equalization problems. In addition to MUI-resilient
reception, channel-irrespective symbol detectability is also
guaranteed. The proposed MUI-resilient transceiver serves
as an alternative to multi-user time-frequency RAKE re-
ceivers for DS-CDMA [8], which do not guarantee channel-
irrespective symbol detectability, and require the knowledge
of the spreading codes of all active users. For a doubly-
selective channel, the proposed transceiver achieves a max-
imum spectral efficiency of about(1�pS)2, whereS is the
multi-user channel spread factor (c.f. [3]). Hence, for highly
underspread multi-user channels (S � 1), the proposed
transceiver can achieve bandwidth efficient multiple access.
Finally, the proposed transceiver can be implemented based
on conventional symbol spreading and despreading com-
bined with an (I)FFT operation and interleaving. This is
particularly useful at the base station, where computation
and storage resources can be shared by all users.

Notations:We denote the Kronecker delta asÆ[�] and the
Kronecker product as
. TheM � N all-zero matrix is
denoted as0M�N , theN � N identity matrix asIN , and
theN �N unitary Fast Fourier Transform (FFT) matrix as
FN . Furthermore,�N (�) is theN � N diagonal matrix
with main diagonal[1; ej2�� ; : : : ; ej2�(N�1)� ]T . We define
iN [n] as the(n+1)st column ofIN , andfN [n] as the(n+
1)st column ofFN . We denote[A]m;n as the(m + 1; n+
1)st entry of the matrixA. Finally, Z+

0 (R+0 ) represents
the set of non-negative integer (real) numbers, whereasZ

+

(R+ ) represents the set of positive integer (real) numbers.



2 Basis expansion model

Suppose theuth user’s (u 2 f0; : : : ; U � 1g) symbol se-
quencesu[m] is somehow converted into a chip sequence
xu[n] that is to be transmitted with chip periodTc. Let
us definegu(t; �) as the causal doubly-selective continu-
ous time channel for theuth user, and let us assume that the
maximal time-offset ofgu(t; �) is bounded by�max and the
maximal frequency-offset ofgu(t; �) is bounded byfmax.
These assumptions can easily be satisfied in practice [5].
After chip rate sampling, the received sequencey[n] can
then be written as

y[n] =
PU�1

u=0

P1
�=�1 gu[n; �]xu[n� �] + �[n];

where�[n] is additive noise andgu[n; �] := gu(nTc; �Tc).
If we now design a triplet(N;L;Q), with N 2 Z

+ and
L;Q 2 Z

+
0 , that satisfies condition C1):L � b�max=Tcc,

and condition C2):Q=N � fmaxTc, the channelg[n; �] can
very accurately be modeled by a discrete-time channel [5]

hu[n; �] =
PL

l=0 Æ[� � l]
PQ

q=�Qhu;l;q [bn=Nc]ej2�qn=N :
Note that similar basis expansion models have been investi-
gated in [1], [7], [9].

3 Proposed transceiver

The proposed transceiver starts from the design of a
triplet (N;L;Q) that satisfies conditions C1) and C2), such
thatgu[n; �] can be modeled byhu[n; �], and uses the cho-
sen triplet(N;L;Q) in the receiver design as well as in the
transmitter design.

We use block spreading to convert theuth user’s symbol
streamsu[m] into a chip streamxu[n], which is done as fol-
lows. The symbol sequencesu[m] is first serial-to-parallel
converted into a sequence ofM � 1 symbol blockssu[i] =
[su[iM ]; : : : ; su[(i+1)M � 1]]T . Each symbol blocksu[i]
is then spread by anN �M spreading matrixCu to obtain
a sequence ofN � 1 chip blocksxu[i] = Cusu[i]. This se-
quence of chip blocksxu[i] is finally parallel-to-serial con-
verted into a chip streamxu[n] = iTN [n modN ]xu[bn=Nc].
With chip rate sampling, the received sequencey[n] can
then be written as

y[n] =
PU�1

u=0

PL
l=0 hu[n; l]xu[n� l] + �[n];

as discussed in the previous section.
At the receiver, we serial-to-parallel convert the received

sequencey[n] into a sequence of received blocksy[i] :=
[y[iN ]; : : : ; y[(i+ 1)N � 1]]T , which can be written as

y[i] =
PU�1

u=0

PQ
q=�Q�N ( qN )

�PdL=Ne
a=0 H

(a)
N;u;q[i]Cusu[i� a] + �[i]; (1)

where�[i] := [�[iN ]; : : : ; �[(i+1)N�1]]T , andH(a)
N;u;q[i]

represents theN�N Toeplitz matrix with[H(a)
N;u;q[i]]n;n0 =

hu;n�n0+aN;q[i]. Note thatdL=Ne+1 symbol blockssu[i]
contribute to each received blocky[i]; the terms witha > 1
represent the so-called Inter Block Interference (IBI).

To extract theuth user, we despready[i] by a despread-
ing matrixDu to obtain

�yu[i] = DH
u y[i]: (2)

On the MUI-resilient output�yu[i], we can then apply any
single-user equalizer to mitigate the Inter Symbol Interfer-
ence (ISI). We can, e.g., adopt a linear single-user equalizer
�u[i] to obtainŝu[i] = �u[i]�yu[i].

Next, we will design transceiver pairsf(Cu;Du)gU�1u=0

that achieve deterministic multi-user separation in the pres-
ence of unknown time- and frequency-selective channels,
and guarantee channel-irrespective symbol detectability.

3.1 Basic results

We design a quintuplet(N;L;Q;K; P ), withN;K;P 2
Z
+ andL;Q 2 Z

+
0 , that satisfies conditions C1), C2),

and condition C3):N = U(P + 2Q)(K + L). As sym-
bol block length, we then takeM = PK. Such a quin-
tuplet (N;L;Q;K; P ) will be referred to as an admissi-
ble quintuplet. In the remainder of this section, we will
assume that there always exists an admissible quintuplet
(N;L;Q;K; P ).

To each useru, we assign a distinctU � 1 signature
vector cu = [cu[0]; : : : ; cu[U � 1]]T . The code vec-
tors fcugU�1u=0 are selected to be mutually orthogonal, i.e.,
cHu cu0 = Æ[u�u0]. Let the(K+L)�K zero-inserting ma-
trix be defined asT1 = [IK ;0K�L]

T , and the(P+2Q)�P
zero-inserting matrix asT2 = [0P�Q; IP ;0P�Q]

T . Re-
lying on the FFT matrixFU(P+2Q), we then design the
spreading matrixCu as theN �M matrix given by

Cu = [FHU(P+2Q)(cu 
T2)]
T1; (3)

and the despreading matrixDu as theN�(P+2Q)(K+L)
matrix given by

Du = [FHU(P+2Q)(cu 
 IP+2Q)]
 IK+L: (4)

Note thatCu andDu only depend on theuth user’s code
vectorcu and a common FFT matrixFU(P+2Q). Starting
from the orthogonal code vectorsfcugU�1u=0 , we first observe
thatCu andDu possess mutual orthogonality among users:

CH
u Cu0 = Æ[u� u0]IM ;

DH
u Du0 = Æ[u� u0]I(K+L)(P+2Q):

(5)

Choosingcu = iU [u] leads to an FDMA-like transmis-
sion, whereas choosingcu = fU [u] leads to a TDMA-
like transmission [5]. Other sets of orthogonal code vec-
tors, e.g., the set of Walsh-Hadamard code vectors, lead



to CDMA-like transmissions, which have the potential to
be more robust against narrow band noise/interference and
burst noise/interference.

For time-flat frequency-selective channels, we can set
Q = 0 and P = 1, such thatCu = (FHU cu) 
 T1

andDu = (FHU cu) 
 IK+L. This transceiver scheme
corresponds to the Chip Interleaved Block Spread (CIBS)
CDMA transceiver scheme of [12], if we usefFHU cugU�1u=0

as code vectors in [12].

For time-selective frequency-flat channels, we can set
L = 0 andK = 1, such thatCu = FHU(P+2Q)(cu 
 T2)

andDu = FHU(P+2Q)(cu 
 IP+2Q). If we then takecu =

iU [u], we obtainCu = FHU(P+2Q)(iU [u]
T2) andDu =

FHU(P+2Q)(iU [u] 
 IP+2Q). This transceiver scheme cor-
responds to the uplink transceiver scheme of [6], if we ig-
nore the cyclic prefix in [6]. This cyclic prefix was actually
introduced in [6] to enable the extension from frequency-
flat to frequency-selective channels. However, although this
extension allows deterministic multi-user separation in the
presence of unknown time- and frequency-selective chan-
nels, it does not guarantee channel-irrespective symbol de-
tectability. The proposed transceiver, on the other hand,
achieves both, as we will explain further on.

One immediate consequence of the design ofCu in (3)
is that IBI is removed, since we have thatdL=Ne = 1 and
H

(1)
N;u;q[i]Cu = 0N�M in (1). Hence, we only need to per-

form block by block processing on the following IBI-free
blocks:

y[i] =
PU�1

u=0

PQ
q=�Q�N ( qN )H

(0)
N;u;q[i]Cusu[i] + �[i]:

(6)

Note that althoughCu possesses mutual orthogonal-
ity among users [c.f. (5)], the equivalent spreading matrix
seen at the receiver:�Cu :=

PQ
q=�Q�N ( qN )H

(0)
N;u;q[i]Cu

does not retain this orthogonality, in general, after unknown
time- and frequency-selective propagation. However, we
next show that the judiciously designedCu in (3) guaran-
tees that such an orthogonality is preserved.

Let us introduce the notationJ(a)N;q, to represent theN �
N Toeplitz matrix with[J(a)N;q ]n;n0 = Æ[n � n0 � q + aN ],

and define the matricesHu;q[i] := H
(0)
K+L;u;q[i]T1,�q :=

�K+L(
q
N ), andJq := J

(0)
P+2Q;qT2. We can then show that

(see [5] for a proof):

H
(0)
N;u;q[i]Cu = Au(IP 
Hu;q[i]);

�N ( qN )Au = Du(Jq 
�q);

whereAu = [FHU(P+2Q)(cu 
 T2)] 
 IK+L. From the

above equalities, we then obtain

�Cu =
PQ

q=�Q�N ( qN )H
(0)
N;u;q[i]Cu

= Du

PQ
q=�Q(Jq 
�q)(IP 
Hu;q[i])

= Du

PQ
q=�Q Jq 
 (�qHu;q[i]) := DuHu[i]; (7)

whereHu[i] :=
PQ

q=�Q Jq 
 (�qHu;q[i]) has the follow-
ing form:

Hu[i] =

2
6666664

��QHu;�Q[i]
...

. . .
�QHu;Q[i] ��QHu;�Q[i]

. . .
...

�QHu;Q[i]

3
7777775
: (8)

From (7), it is clear that�Cu falls in the column space of
Du. SinceDu possesses mutual orthogonality among users
[c.f. (5)], we conclude thatmutual orthogonality among
users is preserved after unknown time- and frequency-
selective propagation, i.e.,

DH
u
�Cu0 = DH

u

PQ
q=�Q�N ( qN )H

(0)
N;u0;q[i]Cu0

= Æ[u� u0]Hu[i]: (9)

Using (9) and (6), we can then express (2) as

�yu[i] = DH
u y[i] =Hu[i]su[i] + ��u[i]; (10)

where��u[i] := DH
u �[i]. As a result, deterministic multi-

user separation is achieved in the presence of unknown
time- and frequency-selective channels. More important,
since the matrixD := [D0; : : : ;DU�1] is anN � N uni-
tary matrix, ML optimality is preserved in this multi-user
separation step in the presence of additive white Gaussian
noise, as is the case in [12] for time-flat frequency-selective
channels. Hence, a multi-user detection problem has been
converted into a set ofequivalentsingle-user equalization
problems. On the other hand, since the non-zero matrices
from the setf�qHu;q [i]gQq=�Q always have full column

rank, and the setf�qHu;q [i]gQq=�Q always contains at least
one non-zero matrix,Hu[i] always has full column rank.
Therefore, the symbols are guaranteed to be detectable in
the absence of noise. As a result, channel-irrespective sym-
bol detectability is guaranteed. This is in contrast with
conventional multi-user systems, e.g., DS-CDMA systems,
where signals from different users may cancel each other
for some bad channels. Finally, based on [11], it is possi-
ble to show that our design in (3) also enables maximum
multipath-Doppler diversity.

On the MUI-resilient output�yu[i], we can then apply any
single-user equalizer to mitigate the ISI. We can, e.g., adopt
the linear ZF equalizer given by

�zf
u [i] := (HH

u [i]R�1
u;��Hu[i])

�1
H

H
u [i]R�1

u;��;
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Figure 1. Implementation based on interleaving.

or the linear MMSE equalizer given by

�mmse
u [i] := (HH

u [i]R�1
u;��Hu[i] +R�1

u;s)
�1
H

H
u [i]R�1

u;��;

whereRu;s := Efsu[i]sHu [i]g andRu;�� := Ef��u[i]��Hu [i]g.

3.2 Spectral efficiency

Within eachN � 1 received blocky[i], M symbols are
transmitted per user. Hence, the spectral efficiency can
be expressed asE = UM=N = PK=[(P + 2Q)(K +
L)]. By tuning the parameters, we can change the spec-
tral efficiency. However, keep in mind that the quintuplet
(N;L;Q;K; P ) has to be admissible. Next, we will present
how to design an admissible quintuplet(N;L;Q;K; P )
that reaches a spectral efficiency close (or equal) to the max-
imum spectral efficiency that can be reached over the set of
admissible quintuplets(N;L;Q;K; P ).

Using condition C3),E can be rewritten asE = K=(K+
L) � 2U(Q=N)K [5]. We then observe thatE is inde-
pendent ofP . It is further clear that in order to maxi-
mize E , we should takeL andQ=N as small as possi-
ble. Hence, we should takeL = Lmin = b�max=Tcc, and
Q=N = (Q=N)min = fmaxTc. To design the optimalK we
have to consider four different cases:

Case 1 (Lmin = 0 and(Q=N)min = 0): The maximumE
overK 2 Z+ is reached at anyK 2 Z+, i.e.,Kopt 2 Z+.
The corresponding spectral efficiency isEmax = 1.

Case 2 (Lmin 6= 0 and(Q=N)min = 0): The maximumE
overK 2 Z+ is reached atKopt ! 1. The corresponding
spectral efficiency isEmax ! 1.

Case 3 (Lmin = 0 and (Q=N)min 6= 0): The maxi-
mumE overK 2 Z

+ is reached atKopt = 1. The corre-
sponding spectral efficiency isEmax = 1� 2U(Q=N)min =
1� 2UfmaxTc.

Case 4 (Lmin 6= 0 and (Q=N)min 6= 0): The maxi-
mum E overK 2 R

+ is reached atKopt,real = �Lmin +

L
1=2
min=[2U(Q=N)min]

1=2. However, since we wantK 2
Z
+, we takeKopt = d�Lmin + L

1=2
min=[2U(Q=N)min]

1=2e.
The corresponding spectral efficiency isEmax � f1 �
[2ULmin(Q=N)min]

1=2g2 � [1� (2U�maxfmax)
1=2]2, where

the first approximation becomes an equality if�Lmin +

L
1=2
min=[2U(Q=N)min]

1=2 2 Z+. DefiningS := 2U�maxfmax

as the multi-user channel spread factor (c.f. [3]), it is
clear that the more underspread the multi-user channel, the
higherEmax.

Hence, an admissible quintuplet(N;L;Q;K; P ), for
which L = Lmin, Q=N = (Q=N)min, and K =
Kopt, reaches a spectral efficiency close (or equal, in
Cases 1, 2, and 3; and also in Case 4, if�Lmin +
L
1=2
min=[2U(Q=N)min]

1=2 2 Z
+) to the maximum spectral

efficiency that can be reached over the set of admissible
quintuplets(N;L;Q;K; P ).

3.3 Implementation based on interleaving

The block spreading byCu and the block despreading
by Du can be implemented based on conventional symbol
spreading and despreading combined with an (I)FFT oper-
ation and interleaving, as depicted in Fig. 1. More details
can be found in [5]. This implementation is particularly
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Figure 2. Proposed transceiver vs. multi-user
time-frequency RAKE receiver for DS-CDMA.

useful at the base station, where the (I)FFT operation can
be shared among all users to save computations, and the
two redundant interleavers at the transmitter and the first
two non-redundant interleavers at the receiver in Fig. 1 can
be shared among all users to save storage units. Note that
the non-redundant interleaver at the transmitter and the last
non-redundant interleaver at the receiver are not really nec-
essary for the multi-user separation since they just reorder
the symbol blocksu[i] and the MUI-resilient output�yu[i],
respectively.

4 Simulation results

We consider an uplink scenario with BPSK modula-
tion and additive white Gaussian noise. We focus on the
same fading scenario as in [8], and compare the proposed
transceiver with the multi-user time-frequency RAKE re-
ceiver for DS-CDMA [8]. As in [8], we takeN = 63,
L = 1, Q = 1, and generate a set of independent channels
fhu[n; �]gU�1u=0 with hu;l;q [i] complex Gaussian distributed
with variance 0.9 ifq = 0 and 0.05 ifq = �1. We assume
here that the receiver knows the channelsfhu[n; �]gU�1u=0 .
For the proposed transceiver,N corresponds to the length
of the transmitted chip block, while for the multi-user time-
frequency RAKE receiver for DS-CDMA,N corresponds
to the spreading factor. In order to satisfy condition C3),
the proposed transceiver usesU = 7, P = 1, andK = 2.
Note that inN = 63 chip periods, the proposed transceiver
can handle 2 bits per user (M = PK = 2), while the
multi-user time-frequency RAKE receiver for DS-CDMA
can only handle 1 bit per user. Keeping this important rate
difference in mind, Fig. 2 depicts a comparison between

the performance of the proposed transceiver with linear ZF
equalization and the performance of the linear ZF multi-
user time-frequency RAKE receiver for DS-CDMA (the lat-
ter performance corresponds to the one shown in [8, Fig.
3]). From Fig. 2, we observe that the performance of the
proposed transceiver accommodating 7 users (that transmit
2 bits/63 chips) is comparable to the performance of the
multi-user time-frequency RAKE receiver for DS-CDMA
accommodating only 2 users (that transmit 1 bit/63 chips),
and much better than the performance of the multi-user
time-frequency RAKE receiver for DS-CDMA accommo-
dating 7 users (that transmit 1 bit/63 chips). More specifi-
cally, we gain about 4 dB for a BER of10�3. For more re-
alistic fading scenarios we refer the interested reader to [5].
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