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Long Codes for Generalized FH-OFDMA Through
Unknown Multipath Channels
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Abstract—A generalized frequency-hopping (GFH) orthogonal itate the usage of existing (and possibly blind) channel esti-
frequency-division multiple-access (OFDMA) system is devel- mation and equalization schemes that have been developed for
oped in this paper as a structured long code direct-sequence qymno| periodic codes (see, e.g., [5] and references therein). Re-

code-division multiple-access (DS-CDMA) system in order to . . - .
bridge frequency-hopped multicarrier transmissions with long cently, blind channel estimation algorithms have been proposed

code DS-CDMA. Through judicious code design, multiuser for long-code DS-CDMA, both for the uplink [6], [15], [19] as
interference is eliminated deterministically in the presence of well as for the downlink [13], [18]. Some of the existing up-
unknown frequency-selective multipath channels. Thanks to |ink channel estimators do not guarantee channel identifiability
frequency-hopping, no single user suffers from consistent fading gyen when multiple receive antennas are used [6], [15]; alter-
effects and constellation-irrespective channel identifiability is . . .
guaranteed regardless of channel nulls. A host of blind channel rratlvely, other methods fe'y,‘?” r_\!gher t_han second-order statis-
estimation a|gorithms are deve|0ped trading off Comp|exity with tics to assure Channel |dent|f|ab|l|ty Wh|Ch can Only be Checked
performance. Two important variants, corresponding to slow- and through computer validation [19]. But even when channel state
fast-hopping, are also addressed with the latter offering symbol information (CSI) is utilized at the receiver, decoding requires

recovery guarantees. Performance analysis and simulation results high-complexity time-varvina equalization. Furthermore. mul-
illustrate the merits of GFH-OFDMA relative to conventional 9 P y ying eq ) ’

OFDMA and long code DS-CDMA with pseudorandom noise tiuserinterferencs (MUIl) is only suppressed statistically.
codes and RAKE reception. A low-complexity symbol periodicCDMA scheme, termed
Index Terms—Blind channel estimation, frequency-hopping, Lagrange—Vandermonde (LV) CDMA, was proposed recently

multicarrier CDMA, multipath fading channels, spread spectrum by generalizing orthogonal frequency-division multiple-access
systems. (OFDMA) transceivers [14]. LV-CDMA eliminates MUI de-

terministically in the presence of possibly unknown multipath,
but suffers (similar to OFDMA) from channel fading. Com-
pared with other choices explored in [14] to ameliorate the ef-
NTRODUCTION of the direct-sequence (DS) code-divisiofect of channel nulls, frequency-hopping (FH) offers a vital op-
multiple-access (CDMA) technology to wireless communtion because it prevents consistent user-specific fading. For mul-
cations has added many desirable features such as robusttieagier CDMA, adaptive FH was also advocated by [2], as-
to fading, narrow-band interference suppression and dynaraigning that CSl is available at the transmitter through a reliable
spectrum sharing. To improve the capacity of CDMA whiclieedback control channel. FH-OFDMA was also proposed in
is interference-limited, many practical systems, e.g., 1S-95 [4}0] and [11] for CATV transmissions. However, [2], [14] and
utilize symbol aperiodic pseudorandom noise (PN) spreadifid)], [11] neither explore blind channel estimation (they rely on
(the code period is much longer than the symbol period) thagining sequences or channel measurements), nor they estab-
distributes users’ spectrum over the available bandwidth ufish FH-OFDMA links with long-code DS-CDMA.
formly. In addition, long scrambling codes enable differentia- In this paper, we introduce a general long code CDMA
tion of neighboring base stations in a cellular setting [4]. Alnatrix-vector model (Section 1) and develop a general-
though they are beneficial to improving capacity of CDMA syszed FH-OFDMA system as a structured long code CDMA
tems, symbol aperiodic (long) spreading codes do not fac#lystem (Section Ill), to bridge long code DS-CDMA with FH
multicarrier transmissions. By adopting symbol-aperiodic Van-
. . dermonde—Lagrange codes, generalized FH (GFH)-OFDMA
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) transmitter ; channel : channel impulse response. Tiwh user's received signal at the
s1(k) a(k;n) I ul(nz) | Ry (n) !Il(n)® chip rate can then be written as
s2(t) —(p)—{ eatierm) |2 () 2  zm) = Y salk) Y haDem(kin—1-kP). (1)
A : k=—o0 l=—00
: : : The channel support is assumed to be finite, which is not exact
b —um(n) za(n) when the bandwidth is strictly limited; however, this approxi-
su( )‘{C‘”(k’ ") 3 h () mation is common to wireless environments, where the impulse
response support is approximately equal to the maximum path

delay plus a few chips. The resulting discrete-time finite-im-
pulse response (FIR) channel filter of ordey, includes the
mth user’'s asynchronism in the form of delay factors as well
as transmit-receive filters and multipath propagation. Although
our focus will be on the uplink, the downlink scenario is also
included in our model; because in the downlink, transmissions
from the base station experiencesiagle commorthannel to

receiver reach a particular usei, we haveh,,(I) = h,(l),Vm €
o [1, M]. N o
Fig. 1. Discrete-time baseband long code CDMA system. The superposition of all users’ signals is received in additive

Gaussian noise (AGIJ\\I), filtered and sampled at the chig rate

to single-user OFDM. Symbol recovery can also be assur®ioPtain:z(n) = 3., _, #m(n) +n(n1:), with n denoting
through fast hopping (Section V). The simulations of Section \itered AGN and

support our conclusions that are summarized in Section VII. (n) = i sm(F) EL: honDem(ks n—1—kP)  (2)
k=—oc =0
Il. SYSTEM MODELING AND MOTIVATION whereL > max(Li, ..., Ly) is an upper bound on all FIR

The block diagram in Fig. 1 describes an equivalent dishannel orders. The sequengén) is then correlated with
crete-time baseband model of a CDMA system in the uplinke N -long receive-filter g,,,(k; n) which is equivalent to
scenario, where signals, codes and channels are represeatedolvingz(n) with its conjugated and time-reversed version
by samples of their complex envelopes taken at the chip ragé,(k; N, — n). The resulting output is downsampled By
Spreading and despreading are realized by upsamplers and the decision is made based on the estimate

downsamplers, respectively. Related filterbank models were Ng—1

adopted in [16], [14], and [12] for symbol-periodic coded Sm(k) = Z gm(k; n)x(kP 4n). ©))
systems. But similar to [19] and [6], our interest is on CDMA n=0

systems with long (or symbol aperiodic) codes. Suppose the cast (2) and (3) in vector-matrix form, we define the
system can accommodate a maximuniéfusers. Each of the £ x 1 polyphase vectorsx(k) = [z(kP), z(1 + kP), ...,

M users (say thenth user) spreads the information symbolg(P — 1 + kP)|*, g(k) = [n(kP), n(1 + EkP), ...,

sm (k) with the upsampler and encodes it using fong time  7(P—1+kP)|", gm(k; @) := [gm(k; aP), gm(k; 14+¢P), .,
varying codec,,(k; n), wherek signifies symbol-dependencegm(k; P — 1 + qP)|¥, the (L + 1) x 1 channel vector
of the chips that are indexed bye [0, P — 1]. Themth user's hm = [Am(0), hm(1), ..., hm(L)]", and theP x (L + 1)
coded chip sequenag, (n) = > re___ sm(k)em(k; n—kP) Toeplitz code matrices

ist then pulse shaped to the corresponding continuous timg,, (k; q)

o

signalu,,(t) = >, . . um(n)e(t — nT.), whereT, is the em(k; gP) cmlb; qP — 1)
chip period andy() is the chip pulse. )

Themth user’s transmitted signal,,(¢) propagates through ._ em(; gP + 1)
a (possiblyunknown dispersive channel,,, (¢) and is filtered : . :
by the receive filter that is matched ¢(¢) and has spectrum em(b; qP'Jr P=1 - cmll; qP +.P —L-1)
|®(f)]?; we assume here thib( f)|> has Nyquist characteris- ’ ’ @)

tics with frequency suppoft-B, B|, whereB > 1/(2T). Let )
denoting thenth entry of vectorx and{X},, ; the

R..(t) be the convolution of transmit with receive filters, andVith {x}» = i
with » denoting convolution 16k, (1) := ((@x/m*@)(£)) |z (n, 1) entry of matrixX, the received data can be expressed as
= [ hu(7) Ry (IT. — 7) dr be the equivalent discrete time {x(k)}, :=z(n+kP)
M 00 L
=3 > s k(D)
m=1l k'=—o0 =0
INote that this equation is quite general. In the symbol periodic case, ACL (K E—=E)},  H{n(®)}, . ()

Um(n) = 372 Sm(k)cn(n — EP), which unifies many single-user and
multiuser modulation schemes, such as OFDM, TDMA/FDMA/CDMA, as 2Note that chip rate sampling is in general suboptimal, but it is common prac-
detailed in [13]. tice (see, e.g., [6], [18], and [19]).
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Noting that{C,,.(X’; k — K)h,,}, = Zleo {C,.(K'; k — wehaveC,,(k; qg) = 0,forq # 0, 1, which allows us to rewrite

k) }n, thm (1), we obtain from (5) the kth received data block(k) in (7) as
M 00 M
x(B) =3 3 suM)Cu(Ks k=K )by +a(k). 6)  x(B)= Y Coulk; Ohsm(k)
m=1 k=—o0 m=1
M
Because thé’-long codes are convolved with the FIR channels + Z Crn(k —1; Dhpsy(k — 1) +n(k)  (9)
of maximum ordetL to yield a sequence of lengi + L, we me1

have from (4) thatv k, C,,,(k; q) = 0 for ¢ < 0O andg >
|(P + L)/P]. Therefore, (6) has onl). := |(P + L)/P|
nonzero terms in the summation ovérand can be rewritten as

with the second sum in (9) representing the interblock interfer-
ence (IBI).

Targeting a simple receiver structure for the data in (9), we
M Qe will concentrate only on aingle blockcontaining the current
x(k) = Z Z Cin(k — ¢ Ohmsm(k —g) +n(k). (7) symbols,, (k). Such an IBI-free reception for the user of interest
m=1 q=0 11 is possible, if the receiveg, (k) satisfies:g” (k)C,.(k —

1;1) = 01, ¥Ym € [1, M], m # p, which implies thatg,, (k)
must lie in the intersection of left null spad@s, ., N (Crn (k—
1; 1)). To characterize the left null space®f,,(k — 1; 1), we

Recall that g, (k;n) in (3) has length N,, define
Qg4 := |Ny/P], and express (3) as

Qs P—1 first note that for the code length > L, the only nonzero en-
S (k) = Z Z G (k5 P + n)z(kP + qP + n) tries of C,,,(k — 1; 1) in (4) appear in the first rows that form
7=0 n=0 an L x L full rank (upper triangular) submatrix. Furthermore,
Q, N(C,,(k—1; 1)) is spanned by the canonical vectors (one unity
= Z gl (ks Ox(k + q). (8) entry and all other entries zero) that selectfhe- L null rows
=0 of C,,,(k—1; 1). Hence, the only possibility for IBI-free recep-

) . tion is forgf(k) to have its firstL entries equal to zero which
Equations (7) and (8) provide a general vector model feinounts to discarding the firtchips of the received block. By
symbol-aperiodic DS-CDMA systems that employ long codgf§scardingL chips, as in a standard OFDM system with cyclic
as those studied in [6], [18], and [19]. prefix [1], IBI is removed and a low-complexity receiver be-

Unlike [6] and [19] that model long PN codes as asymRsomes available. Having selected the block lenty> L, the

totically uncorrelated sequences, we in this paper deal WifBwer penalty incurred when discardifigchips becomes neg-
structured long deterministic codes that (as we shall segjgipjes (see also [18]).

subsequently) offer the following:
« deterministic MUI cancellation with a simple linear re-A. MUI Eliminating Transceivers

ceiver; and o o o Since we have only’ — L chips to convey information from
* blind channel estimation with simple equalization capay; ysers, a necessary condition to guarantee MUI-free symbol
bilities. recovery isP — L > M. Usually, the maximum number of users

In contrast, note that approaches based on PN codes “rirat can be accommodated by the available bandwidth satisfies

domize” the interference and their success in statistically > L. To avoid overexpansion of bandwidth, we adopt the

suppressing it depends on the number of interfering users anigimum possibleP in our system design by selectidg) =

the processing gain. M + L. To achieve MUI elimination, we design our transceivers
as follows: For thé:th symbol of usern, we assign a complex
numberp,, i to construct the spreading code as (see also [14],

. GFH-OFDMA WITH LONG STRUCTURED CODES [17]):
In this section, we seek user codgs, (k; n)}¥_, and re- T ) )
ceivers{g,,(k; n)}M_, that achieve MUI elimination by de- Cm (k) := [cm(k_’l?ii”c"‘flf’ =1
sign. The maximum channel ordérmay be large in the com- :Am[Pm,k P, ko 1] (10)

Lo+ L i . .
pletely asynchronous case becalise L, + L, consists of the where A,,, is themth user's amplitude. We term,, ; as user

maximum gsynchronisni(,, ghips within a symbol)'among all m’s signature poinf{whenp,,  is on the unit circle, it can be
users relative to the user of interest, plus the maximum num?ﬁ(r)ught of 4S USen’s subcar;}}er) Different from [14’] and [17]
of chipsL, caused by the multipath delay-spread (with, de- f ' C '
noting the maximum delay spreatl, := [ruay/7.]; see also we will allow herep,,, ; to change periodically from symbol

[9, p. 797]). In quasi-synchronous (QS) CDMA however, mad> symbol with periodR (pm, k+ir = pm,x, ¥4, ¥m), which
: X : o ef'jlds to long but structured deterministic spreading codes with
bile users attempt to synchronize with the base-station’s pi O iod RP
waveform and thud., is small [3]; note also that the delayp '
spread in urban environments rarely exceegs Svhile a typ-  3The power penalty can be avoided (when nonzero IBI is allowed) with more

ical code Iength in the 1S-95 standard2is0 ;s (see also [18])' complex (and perhaps nonlinear) receiver structures processing multiple blocks.
' However, linear low-complexity equalization has been among the major advan-

henFeLS apd consequently can he considered Sm?‘" given Ou'iages of multicarrier systems and motivates our GFH-OFDM designs that target
design choice” > L that we adopt henceforth. WitR 3> L,  simple transceiver structures.
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As we argued earlier, prefixing thgth user'sl x P re- : cm(k;n) :
ceive-vectorg? (k) := [0---0,G,(k; M — 1)---g,(k; 0)]  Sm(k) L A P um(n)
by L leading zeros avoids IBI. The correlation of this vector @ : Cm (1) X -
with the I/th delayed version ofnth user's code is there- :
fore: 305" G, (ks o vt = ol Gk pm, 1), where | a(k; n)

G (k; 2) = Zﬁglyu(k; n)z~". To ensure MUI elimination,
Gu(k; z) must satisiyG,, (k; pm, k) = 0, k6(m — ), Ym # 11, Fig. 2. Themth user's structured long code transmission model.
where 8, ; is a constant. The:th user's receiver transfer

function that eliminates MUI is then constructed by formingy,ish—Hadamard code with a long PN-sequence that has pe-
G.(k; =) as the Lagrange interpolating polynomial through thgoq 215 By explicitly utilizing the “IS-95 like” code structure,

POINtS pr, &, ™ 7 1 we can ease our long deterministic code assignment by:
M—1 * constructing each user's symbol periodic codg(n)
G.(k; z) = Z g, (k; n)z™" from sufficiently separated (e.g., equispaced around the

n=0 unit circle) signature points;
M « changing onlyc(k; n) from symbol to symbol, with a
H (1= pmpz) pattern that is predetermined by the base station and is

_ 1 m=1,m#p ) (11) common to all users.

] . The spreading procedure is illustrated in Fig. 2 and offers great

11—[ . (1- pm:"‘pu,k‘) flexibility in selecting signature points, as we highlight next in
m=1, m#pn

several computationally simple designs:

Direct substitution from (4), (10), and (11) verifies that Special Case 1:Here we assigp,, = exp(j27m/M) and
gL (k)Cp(k) = 0", Ym € [1, M], m # pandg, (k)C,(k) & = exp(jbx). The overall spreading code vector in (10) will
= [1,Lp;71k, --y P k] Therefore, we have? (k)C,(k)h, then have entries
= Zl=.0 hu(l.)p;’lk := H,(pu, ), and the decoder output of Cm(k; m) = 3@/ M)mA8)(P—1=n) (15)
usery is obtained as

Substitutingp,,, » in (11) with thec,,(k; n) of (15), we find
A _ ) H
Yu(k) = g, (F)x(k) = Hu(pp, k)su(k) + mu(k)  (12) 1 receiver filter coefficientg,, (k; n) = exp{j(2rm/M +
wherei,, (k) = gZ(k)n(k) is colored AGN. We infer from x)(P — 1 —mn)},¥n € [L, P — 1], which are matched to
(12) that MUI is eliminated deterministically. To recover théhe transmitted spreading code (15). By setiiag= 0, (15)
uth user's symbols from (12), we employ the maximum-likecorresponds to a conventional OFDMA transmission.

lihood symbol by symbol detectog;, (k) = argmin, |y, (k) Onthe ot.herhand', with varyiry, we obtain an FH-OFDMA
—H,(pu.x)s|? = argmin, |y, (k)/H,(p,.x) — s|2, which System,which explains why we term our system GFH-OFDMA.

amounts to the simple equalization scheme When 6, is a multiple of2x /M, not only the precoding but
also the decoding operation can be implemented by/apoint
5u(k) = yu(k)/Hu(pu, x) (13) fast Fourier transform (FFT) (as with conventional OFDMA)

- . followed by a constant permutation matrix, which is determined
followed by hard decisions, provided thét,(p,, ») # 0. Note by 6. For example, settingg, — (k mod M)2r /M — F2r /M,

that transmissions,, (k) could be, e.g., convolutionally coded,;- € [0, M — 1], corresponds to the one-step frequency

in which case the soft Viterbi algorithm can be applied as dg; . . . .
tailed in [9, Ch. 8]; however, in this paper, we focus on u shift hopping pattern of [10], where each user is assigned a

e : requency that is shifted cyclically over the entire bandwidth.
coded transmissions and adopt (13) which offers computathgé?formizg an M-point FzT of i/he received block yields
ally simple maximum-likelihood symbol-by-symbol detectio

in the frequency domain The vectorx(k) corresponding to the pre-equalized symbols
q Y ' transmitted over frequencié®, 27 /M, ..., 2x(M —1)/M}.
Let e,, denote thenth canonicald x 1 Euclidean basis

] o vector, and theM x M permutation matrix be defined
Although [14], [17] also relied on symbol-periodic Vander;g. IL, [€511s -+ €N €1, < oey eE]T. Because the

monde/Lagrange spreading/despreading like those in (10) a1 ‘symbol of userm is transmitted over the subcarrier
_(1_1_), our symbol_-ape_zriodic design herein offers additional ﬂe)é'xp(j27r(m + k)/M), multiplying vectorx(k) by [T, will
ibility. To appreciate it, let us expregs,, . as the product of two  ge|iver the corresponding pre-equalized data (12) to each user.
complex numberspy,, x = pm&. Our codes in (10) will then gch an FFT-based decoder followed by the simple equalizer
have entries in (13) constitutes our low-complexity receiver. An important

em (ks ) = Em(n)ell; n) = pr P e PHAT  (14) extgnsion to the one-step FH could be mestep FH (withA

an integer> M/L) which increases the FH size frota /M

where ¢, (n) = p; 14" is a user-specific symbol pe-to 27A/M (see also [11], wherd = 4). Successive symbols
riodic code, whileé(k; n) = 5,:”*“’" changes from in such anA-step FH transmission rely on frequencies that are
symbol to symbol, but is common to all users. Recall thaufficiently separated and are not affected by the same channel
in 1S-95, the overall spreading code is the product of a shamtill. This leads to independently faded symbols and playing

B. Low-Complexity System Designs
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a role similar to interleaving, it enhances the effect of erravherep,, ,. depends only om (and not:i) because of the code
control coding. periodicity.

With spreading codes selected as in (15), the equalizer (13Unlike existing channel estimation methods that are based on
inverts H,, (=7 (2=1/M+6x)) When#,, = 0, it is impossible (or the received chip sequences [6], [18], [19], our methods will
difficult) to equalize channels with unit circle zeros located atly on the MUI-free receiver output (16); and channel estima-
(or close to) angle®x /M . Through the offsefl;,, our symbol- tion will thus be performed separately for each user. For this
aperiodic code, (k; n) alleviates such a problem by hoppingeason, we concentrate only on the user of interest and drop sub-
each user’s subcarrier frequency from one symbol to the nexdcriptm (denoting thernth user) for notational brevity. Notwith-

Special Case 2:Here, we assigp,, = r, exp(j2rm/M) standing, an important application of the ensuing algorithms
that corresponds to equispaced signature points around co-dgrier single-user multicarrier (e.g., standard OFDM [1]) sce-
tric circles of possibly unequal radius. We also choése= narios.

r, exp(j6x ), which offers freedom to tune both the code ampli-

f[uder,,}rk.as We” as the pha§9r(m/M) + 6. With ﬂeX|b|I|ty A. Channel |dent|f|abl|lty

in assigning signature points, GFH-OFDMA gains resilience

to Doppler effects or carrier offsets over plain OFDMA as de- We will start with channel identifiability issues from
tailed in [12] and [14]. Note thap,,, = [1 4 0.1cos(am/2)] ¥(é ) = H(p-)s(i; r), where we have not only dropped user
exp(j2rm /M) and¢;, = 1 was also proposed in [12] withoutindices but also omitted noise since we are concerned with
hopping. Transceivers for this special case will still have lo@asic feasibility questions first. Considering a general signal
complexity because the corresponding filters can be preco@nstellation with points(¢,}&; on the complex plane, the
puted for a predetermined hopping pattern and each user éaliowing must hold:]'[qQ=1 [s(¢; 7) — ;] = 0, sinces(i; ) is

be demodulated using a simple inner-prodgf(k)x(k). With - drawn as one of thé(,}%_, constellation points. Expanding
Tm = 70, ¥, and noting that we are computing the frequencie product yields &th-order polynomial ins(i; r)

response on a circle with radiug . = 797, complexity can be

reduced further by performing a -point FFT to the received s ) 4+ oy 89 ) oo ag =0 (17)

data block weighted bfi, ..., r,:?(;w_l)]T (or by using other

chirp Z-transform variants). where« ag are determined from¢ 1€ and can not
. . . . . . 1y «+vy 1Gq S g=1
Our denvatl_on in this sect|on.has_shown how FH bene.fltas“ be zero. Letw; be thefirst nonzero coefficiensatisfying
are brought into general multicarrier CDMA (and partic- " _ " € [1, J — 1] anday # 0
ularly OFDMA) systems through structured deterministic’_, J ’ e .

oL : : . . Starting from (17), we establish in Appendix | thét' (p,.),
symbol-aperiodic long codes. Our simulations will also IllusfheJth ower ofH(p,.), can be obtained from sufficiently col-
trate that unlike conventional OFDMA, users in GFH-OFDM P Pr)s y

i . : cted noise-free receiver outputs of (16)foe 0, ..., R — 1.
will not suffer from severe fading consistently because F T 77 Nt 7 first defineg? —
prevents consecutive symbol fading caused by channel nu!lg. 0 expressi”(pr) in terms ofh(n), we first defineg, =

The following proposition summarizes the basic results of this?: " Par] = h(n) s h(n) the J-fold convolution ofh(n)
with itself that we denote as;. It then follows that

section:
Proposition 1: The GFH-OFDMA transceivers of (10) and J J
(11) constitute a structured long code CDMA system, which H(pr) == H"(2)]2=p,
bridges long code CDMA with frequency-hopping multicarrier =Bo+ -+ Bz ") sy, (18)
transmissions. Proper design of (10) and (11) allows for IBI
removal and deterministic MUI elimination in the presence dfo determine the coefficient®,, ..., Sy uniquely from
frequency-selective multipath. H’(p,), we need/L + 1 distinct such equations that become
Novel blind channel estimators become available througivailable whenp, takes.JL + 1 distinct values. Therefore,
hopping user’s signature points, as we describe next. when R > JL + 1 and {p,} 2} are distinct, we can
find Bo, ..., Bsr, uniquely, which enables determination of
H'(z) = Y7% 32— on the entire complex plane. Observing
[\V. BLIND CHANNEL ESTIMATION that H”(z) is formed by all the roots off () with multiplicity

J, we can extract from the roots éf”(») thoseL roots that
Blind channel estimators will be derived in this section byorm H(z). This implies thatH (z) is uniquely identifiable up
capitalizing on the finite alphabet of the source. The statistigs a scalar ambiguity.
needed to perform channel estimation require data averagin®Becausel < J < @, choosingR > QL + 1 distinct sig-
across periods of our long codg, (k; »). Recalling that each nature rootd p, } *=} guarantees channel identifiability for any

Pm, & 1S periodic ink with periodz, we can write for € [0, R~ constellation of siz€), as we summarize in the following propo-
1], our symbol index a& = iR + r, wherei will henceforth sjtion:

index blocks of symbols. Assigning a double argumgntr) Proposition 2: If the code period is selected to satigiy>
to quantities with argumerit, we can, e.g., express our GFH-L+1 and{p, }/—; are distinct, identifiability of the.th-order
OFDMA received data in (12) as channelH(z) is guaranteed from the received datd; ) =

H{(p:)s(t; ), for symbolss(é; r) drawn from any constellation
Ym(é 7) = Hm(pm, »)sm (i 7) + 0 (i; ) (16)  of size@.



726 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 49, NO. 4, APRIL 2001

For a given constellation, however, it is possible to fih&c  stant matrix for each user, its inverse can be precomputed; Step
@, and alleviate the requirements on the period lengtthat 3 has complexity proportional 6%, , so whenJ, L are mod-
guarantees channel identifiability (e.g., for QAM signdls: 4 erate (say<4), complexity is reasonable. However, complexity

and® > 4L + 1 is enough). increases fast ag L increase.
_ o ) Apart from complexity, the RS algorithm will exhibit sen-
B. Blind Channel Estimation Algorithms sitivity when roots are to be found in the presence of noise.

Proposition 2 motivates the following general blind chann&eeping in mind complexity and noise insensitivity issues, we
estimation algorithm in the presence of additive zero-meatigveloped several alternatives for Step 3 that we describe next.
complex circularGaussian noise (i.e., the real and imaginary A1) Minimum Distance (MD) ApproachEor each
parts of the noise are uncorrelated and Gaussian distributed). € [0, R — 1], we haveH (p,) = A.[H”(p.)]*//, where

Step 1) For zero-mean complex circular Gaussian noide € {exp(j2mn/J) »—o is the corresponding scalar ambi-
#(i; r), we haveE{#(i; r)} = 0,Vj € [1,J]; Quityin taking theJth root. To resolve these ambiguities, we

hence, for the/ defined after (17), it holds that ~ definehu = Do[H(p0)]Y7, ..., Ap—a[H (pr—1)]V/ )"

J and the matrixV = [V(po, L+ 1), R V(pR,17L+1)]T
E{y'(i;r)} =E {[H(pr)s(i; )+ 7(4; )] } There are/® possibleh; vectors and for each one of them, we
=H’(p,)E {s'(i; 1)} (19) computeh; = Vih,. Our channel estimate can then be found

based on a minimum Euclidean distance criterion as
If s(¢; v) are equiprobable, theB{s’(i; r)} # 0

(see Appendix Il). Hence, we can find the ﬁ:argn%inllﬁ—hl *7 hyl|. (22)
Jth power of the channel from (19) as: '
H'(p,) = E{y’(i;7)}/E{s’(i;7)}. In prac- Recalling thata maximum-likelihood approach for joint channel

tice, E{y’(i; r)} is replaced by consistent sampleand symbol estimation would require testifgsymbols (usu-
averages and thus, for eacke [0, R — 1], H’(p;) ally N > L) over all possible choices from the finite alphabet
is estimated as: of size Q, this MD approach reduces complexity frag to
. 1 1 =1 JB(Q > J). Although the MD approach is still too complex to
H(p,) = Tl [ Z v’ (45 1) (20) beimplemented in practice whét:> 1, itis useful as a bound
E{s'(i; m)} \{ - . .
: : i=0 to benchmark performance of simpler channel estimates.
wherel is the total number of symbol blocks col- A2) Root Optimization (RO) Approachnstead of picking

lected. L out of theJ L noisy roots of / ( ») as in RS, we can optimize
Step 2) Using iﬁ["(p,,)}f:}l obtained from Step 1, oulr%s?lection. SpecificeLlIIy, minimizing the cost functién=

define hy = [H'(po), ..., H (pr_1)]", 2o H (o) =[G ]z (1 - Cipi__l)]J|2 OVGY{Q‘}%O » We

B = [Bo ..., B;r]" and matrix V, = can formthe ghannel transferfunct|on§BCz) = Lo, (1-

[v(po, JL + 1), ..., v(pr_1, JL + 1)]¥, where ¢;2~1). Requiring r_10r1|mear search, this meth_od faces conver-

v(p, D) == [1,p7%, ..., p"P*|TisaD x 1 gence and local minima problems. However, if one starts with

Vandermonde vector formed by the constant Ot e_stimat_es obtained from the RS method, our experience
Observing thaﬁj =V, 8, it follows that8 can be with 5|mglgt|ons is that the RO iteration converges fast to the

. P ' . global minimum and alleviates noise sensitivity problems asso-
estimated asg = Vh;, wheret denotes matrix ciated with the RS algorithm.

pseudoinverse. A3) Linear Equations (LE)-Based Approachet us start
Step 3) To optaimfromﬂ, we pursue aroot-selection (Rs)from the simplest modulation (BPSK] = 2) and define
algorithm as follows. , . By = [Bo, .-, far]”, where g, = Y°i_o h(i)h(l — i),
S3.1) Generate the %c;lynomlg(x) = Po+ | = 0,1,...,2L. Here, we estimaté(l) from 3, using
Pre+---+fypx’”, and find its/L roots;  the following forward elimination (backward —substitu-
S3.2) Choosel out of the JL roots in S3.1, tjon). Within a sign ambiguity (inherent to all blind

and using thesé. roots form polynomials channel estimators), we obtair(0) first as h(0) = +/fo;
Y0 + v + o+ ypat. With CFp = then, we recover sequentiallyh(l), ..., h(L), using
(JL)Y/[LI(JL — L)' denoting the number 5,y =[5, — SI2t p(i)h(l — 1 — 4)]/[2k(0)]. When
of possibleL-root combinations, angt :=  |5,(1)| > [n(0)], it is better to apply sequential re-
[0+ --72]", we estimate the channel vectolcoyery backward  starting withi(L) =  +/Far. We
as then proceed to recoverh(L — 1),...,h(0) using
h = argmin || — s v]|. 1) M) =[Bur — EiL:l-H h(i)h(l + L — 6)]/[2h(L)].
Y

Itis straightforward to extend the LE-based channel estimator
Reminiscent of nonlinear synchronization circuits (e.gtp a generall > 2. When.J is power of 2, we can just apply the
squaring loops), we have shown how raising the received dafa approach forJ = 2 repeatedly.
y(¢; ) in (16) to the appropriate power enables (even blind) Although simple to implement, the LE method is sensitive
channel estimation in GFH-OFDMA transmissions. to noise whert:.(0) or i(L), is small. However, when we can
From a complexity perspective, Step 1 is computationalyuarantee thalt[§0| or |/§JL| is strong enough (e.g., when the
simple; Step 2 involves matrix inversion, but sif€g is a con- strongest path is synchronized to be the first path), then we can
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apply the LE method in the forward or backward direction to Remark 2: Although we have dealt in this paper with mul-
obtain reliable channel estimates. tiuser transmissions, our blind channel estimators can be applied

To further improve channel recovery, we can exploit the finitdirectly to single-user OFDM [1]. So long as one transmits over
alphabet property (see also [15])«tfi; =) to robustify channel £ = QL + 1 subcarriers, channel identifiability is guaranteed

estimates obtained via RS or LE methods using the followilsed on a single received data block, which is not the case for
decision-directed (DD) steps. the subspace-based method in [7], where the channel is not al-

lowed to have nulls located on subcarriers. Relative to the sub-
space method of [13] that relies on zero-padded IBI-free trans-
mitted blocks to guarantee channel identifiability, our channel
estimators herein are capable of identifying FIR channels even
from a single received block when PSK modulations are em-
eﬁoyed. Furthermore, for moderafeand L, our method is com-
putationally more efficient than the subspace-based methods of
[7] and [13] that require singular value decomposition of ma-
a) Define the vectory := [y(0),...,y(IR — triceswith dimensionalitie€P — L) x (2P —2L)andP x P,

1)]*, the diagonal matrix S(1—1) .= respectively.

diag (52=Y(0)---5~Y(IR — 1)), and the

(L + 1) x IR Vandermonde ma;trixCT 1: V. SLOW- AND FAST-HOPPING OFSIGNATURE POINTS

v L+1),...,v —1, L+ 1)]*; solve the ) ) )

I[eégfc)’sq:arg;s pr;)blgapngl}in:Her— )é(il—l)GhH, The signature pomt$_pm,k}£‘?f=1 we selected to design our

and find thei;th channel estimate aRl) — MUI-elimination codes in Section Il were allowed to vary from

(SG-DG)T = GHS—D)-1, symbql to _symbo]. Depending on their rate qf variation, we will
pus in this section on slow- and fast-hopping systems.

1) Seti; = 1, and find an initial estimata®) using the RS
or the LE method. For every symbol indéx= iR + 7,
withz € [0, I — 1] andr € [0, R — 1], detect the data as:
sk = vT(pr, L + )hWy(k) and projects™V (k)
onto the finite alphabet to obtain the discrete valu
s (k).

2) In each successive iteratian,:= i; + 1.

b) Recompute soft symbol estimates using the chanr{8
estimates from a) ass'*) (k) = vZ (o )0y (k), _
and project again onto the finite alphabet to obtaift- Slow-Hopping
hard decisions () (k). Consider a slow-hopping system with' symbols per hop

that relies onR distinct signature points per user. The period

of the long code is themV RP and, spread over the code of
each user’s signature point, symbols are transmitted per hop.
Because forming}f requires inversion of a constaft + We will express the symbol index ab: = i(WR) + »W +

1)x (L+1) matrixandS(” is diagonal, this DD algorithmis also w, » € [0, R — 1], w € [0, W — 1], and we will denote as

computationally efficient. The main concern here is whethertl‘@& r; w) the argumentiW R+ W +w), wherei is the index of

DD iteration converges. Given good initial channel estimategi’ R-long block of symbolsy is the index of distinct signature

obtained with the RS or the LE method, our simulations copoints within the symbol block, and is the symbol index inside

firmed that convergence occurs fast. A couple of remarks asgch hop. Proposition 2 still holds true, and Step 1 for channel

3) Repeat step 2 several times (saytimes), or, continue
until S®) ~ S¢1-1) in the Euclidean norm sense.

now in order: estimation changes accordingly to
Remark 1: We need! to be sufficiently large so that the
sample average in (20) converges to its ensemble counterpart. 1 ] Wl

This in turn allows only sufficiently slow channel variations H;.(fm,+) = =577 777 E E Y (65 75 w).
T E{s] (i, r;w)} WI

over thel blocks needed for estimation so that the channel (23)

can be considered time-invariant during this period (note tgi

1=0 w=0

t .
this assumption is common to the existing alternatives [6], [1 ote that now we need at leastft symbol blocks (with/ = 1)

[18], [19]). However, we observe that (i; ) usually takes less I (23) and thus require slower channel variations. Steps 2 and

- . . . 3 in our channel estimation algorithms remain the same, and
values, e.g., three distinct values for 16 QAM signaling, whic . . . :
: once CSl is acquired at the receiver, the transmitted symbols
relaxes the requirement ah Furthermore, for PSK constel-

lations {exp(j27q/Q + ‘jw/Q)}qu_Ol we do not even require are recovered using
sample averaging becaus€(i; ) = —1 deterministically.
Therefore, for PSK transmissions our channel estimators do not

rely on statistical properties ef¢; r) and itis thus not necessary - . :
to collect many blocks. At high signal-to-noise ratio (SNR), where H...(pm, ) denotes the channel estimated using any of

can be as small as 1, which relaxes the requirement for chantrq]eq methods in Section IV.

invariance and reduces decoding delay. Wiidaa set to be 1 .

at high SNR, BPSK (QPSK) signals with = 2 (Q = 4) re- B- Fast-Hopping

quire that the channel remains invariant for ofity> 2L + 1 Thanks to signature point hopping, users in our
(R > 4L + 1) blocks. In contrast, note that [6], [18], and [19]GFH-OFDMA system will not suffer from severe fading
depend on the correlation matrix of the received data block, apersistently because no single transmission will be hit con-
one needs to collect many blocks to approximate the true corséstently by channel nulls. In addition, changing bursty errors
lation matrix with its sample estimate. to distributed errors, one expects system performance to

B (4 75 W) = Y (45 75 W)/ Ho (P, ) (24)
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improve considerably through channel coding. To illustratéor simplicity, we will adopt BPSK signaling with bit SNR
the advantage of GFH-OFDMA over conventional code®FE,/No = 2E;/No. Therefore, our system’s bit-error
OFDMA, we specify here the channel code to be the simplastte (BER) can be found in closed form as [9, p. 773]:
repetition code; namely, we adopt symbol transmission v _,,.(r) = Q(v/SNR,,(r)), whereQ(-) denotes th&-func-
several signature points (or frequencies), which corresportas.

to nothing but a fast-hopping system. Suppose that we useRecalling that we havé distinct signature pointg,,_ ., the
an (1, T) repetition code and leR be a multiple of7’, say performance of the:th user will be the average BER averaged
R = WT, which means that there at& symbols transmitted over all R roots: F. ,, = (1/R) Zf;ol P. .(r). From (27),
during one long code period. For clarity, we express the average BER_,,, can be expanded as
r=wl+trel0,R-—1,wel0, W-1],t € [0, T —1]

-1
and denote:(¢; r) := z(¢; w; ¢). Proposition 2 still holds true P, = 1 X P n(7)
and the blind channel identification methods of Section IV are ™ R =
directly applicable. They will yield reliable estimates whén | Bl 1 5
is large enough so that the sample average in (20) converges = — Z o) <|Hrn(prn,r)| e /_b> )
to its ensemble counterpart (recall that for PSK transmissions, R = [&m(M)* Eem,r V No
I = 1is sufficient at high SNR). Once the channels have been (28)

estimated, symbols can be recovered using a maximum-r

i0 . .
combining (matched filter) decoder as aI'IJor codes chosen as in (15), the BER in (28) reduces to

1 & [2E
_ P, == Z 0 ‘H'rn (ej((27r/1\4)m+0r))‘ “Ee ) (29)
S — 7+ . ’ R NO
Srn(Ly w) - rn(prn,w,t)yrn(L7 w; t) r=0
;=01 In comparison, the BER for ai/-user OFDMA system at the

N 2 . mth receiver’s output is
Hrn(prn,w,t) Srn(z; w)

» 2F
_ i(2rem/M) b
L Pom Q(\Hm (e )| NO) (30)

Hy (P, t)im (4 wi ). (25) o . _

which is obtained from (29) by setting = 1 andé,. = 0.
) In addition to our closed BER forms, we also tested perfor-
Note that channels of maximum ordgthave at mosL. roots, mance of our GFH-OFDMA system with extensive simulations,
and if we choos€” > L + 1, symbol recovery is always guar-4 sample of which we describe next.
anteed, which is never the case for conventional OFDMA, N0 Tast Case 1 (The Advantage of FH in OFDMANe com-
matter how largg” _is chosen. Although bandwiqth i; expande%are (29) that corresponds to FH-OFDMA with (30) that cor-
whenT > L +1, improved performance may justify such anesnonds to OFDMA on aif = 16 user system transmitting
expansion in, e.g., military applications. Even though SymbEHrough Rayleigh fading multipath channels of order= 2
recovery is not guaranteed with< 7" < L, symbol-error rate (three rays). For FH-OFDMA, we seleBt = 16, and perform
performance improves significantly with fast hopping becausgyy pmonte Carlo realizations. Although for a specific channel
the largerT is, the less likely it becomes to have at the samgjization the BER averaged over all users may be significantly

[l
g

+ 0
N o
|

t=

[}

time all'T” signature points coincide with channel nulls. lower in FH-OFDMA relative to that in conventional OFDMA,
the improvement disappears when we also average over all pos-
VI. PERFORMANCEANALYSIS AND SIMULATIONS sible channel realizations, as shown in Fig. 3(a). However, the

In our MUI-free GFH-OFDMA received data in (12), theddvantage of FH-OFDMA over standard OFDMA can be ap-

multipath channelh,, affects themth user's performance Preciated when evaluating how far the real performance would
through the flat fading factog? (k)Cy,(k)h,, = Hon(pm. &)- bg frqm its_average, which measures reliability pf the transmis-
We haveR distinct signature point§p,., . }*=} per user, and SION link. Fig. _3(&_3) shows thatFH-OFDMA_exh|b|ts much Iow_er
by lettingk = iR + r, we haveg,,,(k) = g,.(r), Vi. Because standard deviation compared to conventional OFDMA, which
for eachr € [0, R — 1], we have demonstrates the advantage of FH.
Test Case 2 (The Advantage of MUI-Free Receptiorg:
gl (mx(i; r) = Hy(pm, r)sm (i 7) + gl (rm(i; r).  (26) illustrate the advantage of structured GFH-OFDMA over
long PN code DS-CDMA with RAKE reception, we sim-
If E{|sn(i; )|’} = o2, and the additive noisg(t) has ulate GFH-OFDMA withR = M = 16 signature points
two-sided power density¥,/2, then our Signal to Noise Ratio {px,m = [1 + 0.1 cos(rk,./2)]exp(j2rk,/M)}, where
(SNR) will be [Hp(pm,»)|?02 ./ (Nollgm(r)||?/2). With km = (k + m)mod M. Without hopping k., = m), these
2E, /Ny denoting symbol SNR, we hav,éym = E,/E,,, . codes were also used in [12] to show resilience to Doppler
whereE.,, , = E:;ol lem (7 n)|? is the energy of thenth effects. We also implement two long code DS-CDMA systems
user's code whep,,, . is used; hence with code lengthg” = 16 over 100 Rayleigh fading channels
of orderL = 2. The first DS-CDMA system adopts symbol pe-
1 2E, riodic OFDM codes:,,(n) = exp(j27mn/M) scrambled by

» e 2 e
SNRw(r) = [Hm(pm, r)] llgm (M2 Eem,» No (27) e(k;n) = exp(jor, n), Wheregy ,, is uniformly distributed in
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Fig. 3. Comparisons of FH-OFDMA with conventional OFDMA. (a) Mean ()

BER. (b) STD BER.
Fig.4. Comparisons of GFH-OFDMA with long code DS-CDMA. (a) OFDM
codes. (b) W-H codes.

[0, 2x]; while the second utilizes IS-95 like Walsh—-Hadamard

codes scrambled by randofit-1} sequences. Fig. 4(a) and (b)

confirms that OFDM codes perform better against multipath

than W—H codes, which is expected because OFDM codBER, respectively, using the minimum distance (MD), the RS,

have smaller cross correlations with their delayed versiottee RS followed by one stedy( = 1) DD iteration (RS-DD),

than W—H. However, both suffer from MUI severely when thand the RS followed by root optimization (RS-RO). Fig. 5(b)

system load increases (e.g., whigh = 8 which corresponds shows that BERSs relying on estimated channels are close to the

to 50% load). MUI-free GFH-OFDMA clearly outperformsideal scenario where perfect CSl is available. To apply these

long-code DS-CDMA under moderate system load and SNEhannel estimators to QPSK signaling & 4), we usel =

as confirmed by the average BER curves depicted in Fig. 460, and thusN = IR = 800 symbols to average out noisy

and (b). cross-terms [note that, (4; 7 ) introduces additional noisy terms
Test Case 3 (Blind Channel Estimation and Equalizaelative to BPSK]. Fig. 6(a) and (b) shows NLSE and BER, re-

tion): To check the algorithms outlined in Section IV, we adopgpectively, for QPSK signaling, while hefe = 5 iterations are

the code design (15), sé&& = M = 16, L = 2, and simulate performed for the RS-DD channel estimator. We observe that

them over 500 randomly generated channels. Figures of mé&®b performs worse when increases, becauderoots must be

here are the normalized least-squares channel error (NLS&)osen out of a bigger set £ noisy roots, and matching those

b, — h,.||?/|/h..]|% and the BER evaluated based on thé& roots with multiplicity.J with the originalJ L roots in the fre-

obtained channel estimates. For BPSK signaling= 2), we quency domain becomes less reliable. However, when followed

adopt! = 30; thus,N = IR = 480 symbols are used for up by sufficient DD steps, its performance comes close to the

channel estimation. Fig. 5(a) and (b) depicts channel NLSE aidéal case. On the other hand, we observe that MD and RS-RO
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Fig. 5. Blind channel estimation (BPSK). (a) Channel NLSE. (b) BER. Fig. 6. Blind channel estimation (QPSK). (a) Channel NLSE. (b) BER.

are robust to noise and variable signal constellation sizes as e RS estimator and is capable of approaching the ideal perfor-
pected. mance in very few iterations, while being extremely simple to
Performance of the LE estimator is channel-dependemhplement.
Specifically, if the first path is guaranteed to be strong enoughTest Case 4 (Application to OFDM System€ur blind
for the user of interest, the LE algorithm yields reliable channehannel estimation is directly applicable to single-user OFDM.
estimates. For QS multiuser systems not all users’ direct pafftscompare the LE estimator with subspace alternatives of com-
will be always strong enough due to relative delays; thuparable equalization complexity, we uBe= 32 subcarriers and
we recommend applying the LE channel estimators only the measured channel= [0.66, —0.46, —0.28, —0.22, 0.12]
those users that have strong first (or last) path. To test the BE in [7]. With BPSK signaling and similar to [7], we over-
estimator, we use the code design in (15),8et M = 16, estimated the channel order &s = 8. Because for QPSK
L. = 2, and simulate 500 random channels having their firstgnaling we need > 41.+ 1 for the LE estimator, we adopted
path to be the strongest one. Due to space limitations, we odly= 4 for both methods to assure a fair comparison. Fig. 8(a)
plot the overall system BER with estimated channels. Fig. 7(sflows the NLSE for both methods using 300 OFDM symbols
uses/ = 30 blocks to compute BER of BPSK signals usingveraged over 500 Monte-Carlo runs. Subspace-based methods
the RS, the RS followed by one DD step, the LE, and there constellation-independent and with the same bit energy
LE followed by one DD iteration. Fig. 7(b) is the counterpart),, QPSK signals have twice the symbol energy of a BPSK
of Fig. 7(a) but for QPSK signals witth = 50 and five DD symbol; thus, channel estimation accuracy improves. However,
iterations following the RS and two DD iterations following thehe LE channel estimator is constellation-dependent and as
LE channel estimator. We see clearly that the LE outperfornsdiown in Fig. 8(a), channel estimates for BPSK signaling are
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Fig. 7. Application of the LE method. (a) BPSK. (b) QPSK. Fig.8. Comparisons of the LE method with [7]in a single-user OFDM system.

(a) NLSE versusz, /Ny (b) NLSE versus number of symbol blocks.

far better than those obtained for QPSK. Fig. 8(b) shows the

relation between NLSE and the number of symbols used Hlo- 9 illustrates that the average perfo_rmance is much better
channel estimation witt, /N, = 20 dB. At least2R = 64 for GFH-OFDMA than for the conventlpnal OFDMA when
OFDM symbols should be collected for the subspace-baskd= 2 €Ven ,thOLr‘]_gh symbol rec%very ;\S not guarantebe? for
method to guarantee that the data covariance matrix is fdil i"OFDMA in this case. Note that whatevéris, symbol
rank, while even one symbol may be enough for the | ecovery is not guaranteed for conventional OFDMA, while

estimator at high SNR. We observe clearly that the LE chanr@ settingT” = 4 _Z L+ 1_’ symbol recovery is assured for
estimator converges much faster. When only few symbols a(f;é:H'OFPMA’ which exp_lalns WhY th_e gap between these two
available, we can apply the LE first and then improve accuragyStems increases as evidenced in Fig. 9.
with several DD iterations. Witd; = 1 iterations, Fig. 8(b)
shows that the NLSE using the LE-DD estimator is noticeably
improved for both BPSK and QPSK signaling. Finally, we
should reiterate that the LE guarantees channel identifiabilityWe developed in this paper a general CDMA system uti-
from a single OFDM symbol while the subspace method wilizing structured symbol-aperiodic long codes, which bridges
fail for channels with subcarrier nulls [7]. long code DS-CDMA with frequency-hopped multicarrier
Test Case 5 (Fast Hopping)To check how much fast transmissions. Superior to DS-CDMA with long PN codes
hopping improves our GFH-OFDMA system over converand RAKE reception, GFH-OFDMA achieves MUI elimina-
tional OFDMA, we adopt again the code design in (15}jon deterministically by design, and relative to conventional
M = R = 16, L = 2 and simulate 500 random channelsOFDMA, it exhibits improved performance because no user

VII. CONCLUSIONS AND DISCUSSION
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T T A Matrix Y is invertible for it is a Vandermonde matrix con-
o S| TTD Gmememiorowa |1 structed from distinct points. Recalling that # 0, we can
B ' solve (33) to obtaird/(p,.), Vr € [0, R — 1].

APPENDIX I
PROOF OFE{s'(k)} # 0

When data symbols are equiprobable, we h&ye’ (k)} =
. (1/Q) ZiQ=1 ¢, where{ci}?=1 are signal points on complex
U plane. Therefore, we need to prove t@le ¢! # 0, when
o ai, ..., ay—1 = 0,andey # 0. Expansion of[iQ:l(s(k)—Q)

avearge BER

gives
==Y G, ar =Y Ci,Cigs -
7 i1 <tg
2 ay=(=07" > GG, (34)
B <<l
Fig. 9. Fast frequency-hopping. where subscripts i;, ¥, are taken from the sét, Q).

_ Defining ®;, = 3% ¢, and applying Newton’s identities
suffers persistently from channel nulls. GFH-OFDMA OUt(L& p. 135]), we find

performs conventional OFDMA when the same amount O

redundancy is added in the form of fast hopping. We currently Oy +a1®y_1+ - +ay_101+Jay=0. (35)

investigate an alternative GFH-OFDMA approach that relies on .

block-spreading to guarantee symbol recovery and resilieré@Sed on (35) and recalling thay = 0, Vj € [1, J — 1], we

to interference [21]. obtain E{s’(k)} = (1/Q)0; = —(J/Q)as #QQIFOV PSK
Novel blind channel estimation methods were also derived §@nstellation of size&): {exp(s2rq/Q + jw/Q)},—, , we can

this paper based on the MUI-free received data and shown€@sily Verify thata; = 0, Vi € [1, @ — 1], ag = 1, and

guarantee channel identifiability for any finite signal constelld1/@) >; ¢ = —ag = —1.
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