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Space—Time Coding With Maximum Diversity Gains
Over Frequency-Selective Fading Channels
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Abstract—in this letter, we study space—time (ST) block coding ~ E{-} expectation;
for single carrier zero-padded (ZP) block transmissions through fi- I identity matrix of sizek
nite impulse response (FIR) multipath fading channels of ordetL. K y i . '
We prove that maximum diversity of order 2(Z + 1) is achieved ~ Oamrxn all-zero matrix of sizel/ x N;
with two transmit and one receive antennae. Simulations demon-  F N x N FFT matrix with (p,q¢)th entry
strate that joint exploitation of multi-antenna diversity and multi- (1/ /_N)c*j((27’)/1\’)(”*1)(‘1*1) Vp, q c
path diversity leads to significantly enhanced performance. [1, N]; T
b) y
Index Terms—Frequency selective multipath channels, diag(x) diagonal matrix withx on its diagonal;
space—time coding, zero-padded (ZP) block transmissions. '
[1p pth entry of a vector;
[p.q (p, g)th entry of a matrix.

. INTRODUCTION , . . ")y J—
opucetio We define a set of x J permutation matrlcesPE, )},{:}) that

PACE-TIME (ST) coding offers an attractive meangerforms a reversed cyclic shift, i.e., forJax 1 vectora: =
f achieving high data rate wireless transmissions wif(0), a(1),...,a(J — 1)]7, and we haVQPS"')a]p =a((J —
diversity and coding gains. However, existing ST codes ape n)mod J).
mainly designed for frequency flat channels. In order to
maintain decoding simplicity, most works on ST coding for
frequency selective channels employ orthogonal frequency

division multiplexing (OFDM) to convert frequency selective Fig. 1 depicts the discrete-time baseband equivalent model
channels to a set of flat fading subchannels, see e.g., [4], [8f.a communication system witlV, = 2 transmit antennas
ST-OFDM uses ST codes designed for flat fading channels Bi{d N, = 1 receive antennas, where the channel between the
does not exploit the embedded multipath diversity. The lattgth transmit antenna and the receive antenna is modeled as an
can be recovered with e.g., carefully designed trellis codgsh-order finite impulse response (FIR) filter with coefficients
across subcarriers [2], [5]. However, OFDMs nonconstapt,: = [, (0),...,h(L)]", x = 1,2. At the transmitter, the
modulus multicarrier transmission reduces power efficiengyformation symbolsi(n) are first parsed to fornk x 1 blocks

of all ST-OFDM based schemes. This motivates ST codes f5): = [s(iK),s(iK + 1),....s(iK + K — 1)]7. The ST
single carrier transmissions over frequency selective channgloder takes two consecutive bloak€:i) ands(2i + 1) to

that have been reported recently in [3] for serial transmissiorgtput the following2K x 2 ST-coded matrix:
and in [8] for block transmissions.

In this letter, we investigate single carrier zero-padded (ZP[

Il. SINGLE CARRIER ZP BLOCK TRANSMISSIONS

block transmissions. Different from [8], which focuses on
mitigating rapidly time varying channels with suboptimum
receivers, we deal with block quasi static channels and prove .
that a maximum diversity of ordex(L + 1) is achievable in which reduces to the well-known Alamouti's ST block code [1]

rich scattering environments with two transmit and one receilld® Symbol blocking (i.e. K* = 1) is invoked. Although the

s1(24) 51(2i+1):|_|: s(2i)  —PWs (2i+1) "
s(

52(20) ®2020+1)| " |s(2i+1)  PWst(20)

antennae. outputPﬁ?)s(i) = [s(iK + K —1),...,s(iK)]" is a time-re-
Notation:Bold upper (lower) letters denote matrices (columMersed version oé(i), as in the serial transmission of [3] and
vectors). the block transmission of [8], our receiver processing and max-
(-)* conjugate; imum diversity proofs are novel and have not been established
()T transpose; in [3] and [8].
()" Hermitian transpose; At each block transmission time intervalthe blockss; (¢)

ands.(i) are forwarded to the first and the second antenna,
respectively. At each antenna € [1,2], a tall P x K zero

_ _ _ _ _gadding transmit-matril.,: = [I%,0%, |7 is applied on
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Fig. 1. ST-coded single carrier block ZP transceiver model.

block input-output relationship can then be described by (see @pnjugatingPx(2i 4 1) and using (4), we arrive at
for a detailed derivation with single antenna ZP transmissions)

2
x(i) = > HuTupsu(d) + wi(i)

pn=1

2
- Z H,T,.5,(i)+w(i) (2
pn=1

Px*(2i +1) = —HI'T,,55(2¢) + HY'T,,51(2)

+Pw*(2i +1). 9)

We will next pursue frequency domain processing by forming
y(2i) := Fpx(2i), y*(2i+1) := FpPx*(2i+1), andy(4) :=
[y7(21), y"(2i+1)]". Likewise, we defing)(2i) := F pw(2i)

andi*(2i + 1) := FpPw*(2: + 1). For notational simplicity,

wherew(i) is additive white Gaussian noise, and we have usi¥ also defineD, := D(f_ll) andD; := D_(flz)- Using (3) in
thatH,,T,, = H, T,, when deriving the second equality. Thd7) and (9) and after straightforward manipulations, we obtain

reason for replacing the Toeplitz matik,, by the circulaniH,,
is that circulant matrices enjoy two nice properties.

1) Pre- and postmultiplying circulant matrices by (I)FFT

matrices diagonalizes them

H, =FiD(h,)Fpr and HY=F}Dh,)Fr (3
whereh,,: = [H,(e/0), ..., H,(e(@D/DP=INT with
[h,], being the channel frequency resporgg(z):
S0 hu(l)z ¢ evaluated at = ¢/((®/P)e=1) and

D(h,): = diag(h,,). ) )
2) Pre- and postmultiplyin@l,, by P(,?) yieIdst:

PYH,PY =HY and PYHIPY =HY. (4)
To verify (4), notice that
[P(,:L)I:IMP(,?)L . = h,(¢—pmod P) = [I:Iu]fzm- (5)

Defining P: = PX, it follows that PT,, = T,, P, and
using (1), we can establish the following key relationships:
T,ps1(2i +1) = —PT,,85(2),

T,p52(2i + 1) = PT,,5(20). (6)

Now we can write two consecutive received blocks as
x(24) = HyT,p5:(20) + HoT,,52(20) +w(i)  (7)
x(2i 4+ 1) = —H,PT,,,55(2) + HoPT, 57 (20)

+w(2i +1). ®)

¥(i) = {g; _%;} {Ff{T@?—:—)l)} * [77272(?2 1>}
—

(10)

where the identities; (2¢/) = s(2¢) ands2(2¢) = s(2¢+1) have
been used following the design in (1).

Defining the diagonal matri®,, := [DiD; +D3D,]'/2, and
based on the fact th@"'D = T, @ D, where® stands for
Kronecker product, we can construct the unitary matfix=
D(I, ® Dy;') which satisfies UMU = Lp and UMD =
I, ®D;». Multiplying ¥ () by U™ does not incur any loss of de-
coding optimality. Thus, forming(i) := [z7(2¢), 27 (2i+1)]*
and defining® := FpT,,, we obtainz(i) = Uy (4) as

SN 1512@5(2L) H 77(2L)
2(i) = [151265(21' | P i
(11)
where the noiséi(i) := [n¥'(2i), n* (2¢ + 1)]7 is still white.
We deduce from (11) that the block®¢) ands(2¢+1) can be

demodulated separately. Equivalently, we need to demodulate

s(¢) from the following blocks:

Although we can solve (12) fei(¢) in the zero-forcing (ZF) or
minimum mean-square error (MMSE) sense, we will next focus

1we assume here thait, andh, do not share common roots, i.€,, is
invertible. However, this assumption can be removed [10].
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on maximum likelihood (ML) decoding in order to find the bes 1" '
achievable performance.

———  ST-OFDM
ZP-only, ZF equalizer
ZP-only, SD equalizer

IIl. PROOF OFMAXIMUM DIVERSITY GAINS 10

Assume that,,({)’s are independently and identically distri-
cuted (i.i.d.) zero mean Gaussian with variangél + 1), i.e
Ry, = E{h,hf} = 141 /(L +1), which is satisfied when
scattering is rich (see [10] for non-i.i.d. channels). #

Dropping the block index for brevity, we will henceforth |
denote, e.gs(¢) by s. With channel state information (CSI) at
the receiver, we consider the pairwise error probability (PEI
P(s — s'|hy, hy) that the symbol block is transmitted but is
erroneously decoded a5# s. The PEP can be approximated
using the Chernoff bound as

10°

-5

10

P(s = |hy, by) < exp(~d(z,2)/4No)  (13) " T e .
where d(z,z’) is the Euclidean distance betweenand z'. Fig. 2. Comparisons between ZP-only and ST-OFDW, = 1, 2. 4.
Defininge := s — s’ and starting with (12), we have
d*(z,7') = |D12@e|? = O D}, O@e Gy . determines the slope of the averaged (with regard to the
, X
— "OM(DID + DiD;)Oe random channel) PEP (betweegrands’) as a function of the

SNR. Different from [6], which relied on PEP to design ST

_ 2 2
= |P.1®e|" + |D;Oe| codes for flat fading channels, we here invoke PEP bounds to

= |D.hy|? + |Dchy|? prove diversity properties of ZP block transmissions (termed as
= |D€,Vh1|2 + |D€,Vh2|2 (14) ZP-only in [9]) over frequency selective channels.
Since(G, . depends on the choice ef{thus ons ands’), we
whereD, := diag(®e) and[V],,, = ¢/?~/PM@=D4-1 such define the overall diversity advantage for our systenizas—=

thath,, = Vh,,. Defining A. := D .V, we note thaA7* A . is MiNezo Ga,c. Using thatA7* A is (L + 1) x (L + 1), our first
Hermitian symmetric and nonnegative definite. Hence, there @¢sult states that thmaximum achievabldiversity for ZP-only
ists a unitary matridU, such thalU7*AYA . U. = (L+1)A., isGy = 2(L + 1).

whereA. is a diagonal matrix with nonincreasing diagonal en- We will prove next that ZP-only achieves this maximum di-

tries collected in the vector, := [Ac(0), Ac(1), ..., A_e(L)]T- versity gain. Sinc® is Vandermonde and any of if§ rows are
Leth, := +/L +1U*h, have correlation matriRy, = linearly independen®e has at leastZ + 1) nonzero entries for

(L+1)UJR4, U, = I4. Henceh!, is a zero mean complex anye. Indeed, if®e has onlyL nonzero entries for soneg then
Gaussian vector with unit variance i.i.d. entries. We can thithasK zero entries. Picking the correspondiigows of ® to

rewrite (14) as form the truncated matri®, we have®e = 0. The latter shows
) that thesei rows are linearly dependent, which is impossible.
&(z,2') = Z(h'ﬂ)HUZ{AZ{AeUehz/(L 1) With D, = diag(®e) having at leasf + 1 nonzero diagonal

1 T entries, we have th& . = D.V has full rank because a1
rows of V are linearly independent. Thus, ZP only achieves the
A DR D + Z A DRSO, (15) maximum achievable diversity gain 6f; = 2(L + 1), which
is much larger than the diversity order two of ST-OFDM that

) ] o _uses ST block codes on each subcafri@nd thus only exploits
Using (15), we average (13) with respect to the i.i.d. Rayleighitiantenna but not multipath diversity [4]. More generally, we

random variable§:! (1)|, |h5(1)| to obtain the following upper prove in [10] thatGy = N, N,.(L + 1) when N, transmit- and
bound on the average PEP: N, receive-antennas are used, which reveals that frequency se-
lectivity can boost system diversity gain.
(16) ML decoding is required to collect full diversity gains, which
is certainly prohibitive when the constellation size and/or the
) ” . block length increases. A relatively faster ML search is pos-
If . is the rank ofA. (and of AZ"A.), thenA.(1) # 0, ifand e \ith the sphere decoding (SD) algorithm [7]. Linear ZF
only if, € [0, —1]. It follows from (16) that: and MMSE equalizers certainly offer low complexity alterna-
Y —2 tives and are able to collect almost full diversity gains\asv,.
P(s — 8') < (1/Ng)~2" <H Ao ) (17) increases [10].

In atest case, we sét= 2 (three-ray channels) and the block

size K = 8. We use QPSK constellations and kgt/N, denote

*
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i

I
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.
oo (T4 A 4N0))

As in [6], we call2r. the diversity advantag€, . for a given
symbol error vectoe. At high SNR, the diversity advantage 2unlike [2] and [5], channel coding across subcarriers is not considered here.
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the average received bit energy to noise ratio on each receive] H. Bélcskei and A. J. Paulraj, “Space-frequency coded broadband

antenna. WithV, = 2 and N, = 1, we infer from Fig. 2 that
uncoded ZP-only outperforms uncoded ST-OFDM significantly 3]
(it will be interesting to compare ZP-only with OFDM when
both systems invoke channel coding with identical rates and/or
comparable complexity). In Fig. 2, we also increase our multi-
antenna diversity by deploying,. = 2, 4 receive antennas and
employ coherent combining. An interesting observation is that[]
the difference between linear ZF and near-optimal SD equal-

OFDM systems,” inProc. Wireless Communication and Networking
Conf, vol. 1, Sept. 2000, pp. 1-6.

E. Lindskog and A. Paulraj, “A transmit diversity scheme for chan-
nels with intersymbol interference,” Proc. Int. Conf. Communications
New Orleans, LA, June 2000, pp. 307-311.

4] Z. Liu, G. B. Giannakis, B. Muquet, and S. Zhou, “Space-time coding

for broadband wireless communications, Wireless Communications
and Mobile Computing New York: Wiley, 2001, vol. 1, pp. 33-53.

B. Lu and X. Wang, “Space-time code design in OFDM systems,”
in Proc. GLOBECOM vol. 2, San Francisco, CA, Dec. 2000, pp.
1000-1004.

ization becomes smaller as multi-antenna diversity increasess] V. Tarokh, N. Seshadri, and A. R. Calderbank, “Space-time codes for

With N, = 4, the difference between ZF and SD equalizers
for ZP-only is only within several tenths of a dB, which is very 7]
encouraging from an overall performance-complexity perspec-

tive.
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