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Abstract— In this paper, we study space-time block coding for single
carrier block transmissions through frequency selective multipath chan-
nels of orderL. We prove that maximum diversity of order 2(L + 1) can
be achieved with two transmit and one receive antennae. We show that
simple linear receiver processing can achieve full antenna diversity gains,
and investigate the performance versus complexity tradeoffs that emerge
when one exploits also the embedded multipath diversity. Simulation re-
sults demonstrate that joint exploitation of multi-antenna and multipath
diversities yields significantly enhanced performance in frequency selective
multipath channels.

I. I NTRODUCTION

Space-time (ST) coding has by now been well documented as
an attractive means of achieving high data rate transmissions
with diversity and coding gains in wireless applications; see
e.g., [4,5] for tutorial treatments. Existing space-time codes are
mainly designed for frequency flat channels. In broadband wire-
less applications however, the symbol duration becomes smaller
than the channel delay spread and frequency selectivity arises.
It is thus important to design ST coded transmissions through
frequency selective multipath channels.

Optimal design of ST codes for dispersive multipath chan-
nels is complex since signals are mixed both in space and in
time. In order to maintain decoding simplicity and take advan-
tage of existing ST codes, most works on ST coding for fre-
quency selective channels employ orthogonal frequency divi-
sion multiplexing (OFDM) modulation to convert the frequency
selective channels to a set of flat fading subchannels (see e.g.,
[4] and references therein). However, ST coded OFDM trans-
missions essentially deploy ST codes designed for flat fading
channels and do not exploit the maximum achievable multipath
diversity. Furthermore, an inherent drawback of multicarrier
(OFDM) schemes is their non-constant modulus transmissions,
that incur considerable power efficiency loss.

In this paper, we study space-time block codes design forsin-
gle carrier block transmissions in the presence of frequency-
selective multipath channels. ST codes designed for single car-
rier systems in the presence of frequency selective channels
have been reported in [2] for serial transmissions and in [8]
for block transmissions. Unlike [8] that mainly focuses on
mitigating rapidly time varying channels with suboptimum re-
ceivers, we here deal with block quasi static channels and prove
that the maximum diversity gain is the product of the number
of transmit-antennas, the number of receive-antennas, and the
length of the channel.

We investigate two different block transmission formats, one
inserting cyclic prefix (CP) in the front of each symbol block
(termed as CP-only), and another one padding zeros after each
symbol block (termed as ZP-only). We establish here that CP-
only with ST coding achieves only full multi-antenna diversity,
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while ZP-only exploits both multi-antenna and multipath diver-
sities. A maximum diversity of order2(L+ 1) can be gained in
rich scattering environments with two transmit and one receive
antennae, whereL is the order of underlying FIR multipath
channels. We further show that simple frequency domain linear
processing achieves full multi-antenna diversity, while tradeoffs
need to be made when it comes to exploiting the embedded mul-
tipath diversity. Simulation results demonstrate the superior per-
formance when both multiantenna and multipath diversities are
exploited.

Notation:Bold upper (lower) letters denote matrices (column
vectors);(�)�, (�)T and (�)H denote conjugate, transpose and
Hermitian transpose;IK denotes the identity matrix of sizeK,
0M�N (1M�N) denotes an all-zero (all-one) matrix with size
M �N , andFN denotes anN �N FFT matrix with its(p; q)th
entry to be(1=

p
N)e�j

2�
N
(p�1)(q�1), 8p; q 2 [1; N ]; diag(x)

stands for a diagonal matrix withx on its diagonal.[�]p denotes
thepth entry of a vector, and[�]p;q denotes the(p; q)th entry of a
matrix; Matlab notationA(:; p : q) is used to denote a submatrix
ofA constructed from columnsp to q.

II. SINGLE CARRIER BLOCK TRANSMISSIONS

Fig. 1 depicts the discrete-time equivalent model of a commu-
nication system withNt = 2 transmit antennas andNr = 1 re-
ceive antenna. At the transmitter, the information data symbols
s(n) belonging to the constellation setA are first parsed to form
K�1 blockss(i) := [s(iK); s(iK+1); : : : ; s(iK+K�1)]T .
The blockss(i) are precoded by aJ�K matrix�1 to yieldJ�1
symbol blocks:~s(i) := �1s(i). We will here restrict�1 = IK
and leave the general case for [11]; i.e., we haveJ = K and
~s(i) = s(i) in this paper.

Our ST encoder takes two consecutive blocks~s(2i) and~s(2i+
1) to output the following2J � 2 matrix of ST coded blocks:�

�s1(2i) �s1(2i+ 1)
�s2(2i) �s2(2i+ 1)

�
=

�
~s(2i) �P~s�(2i+ 1)

~s(2i+ 1) P~s�(2i)

�
; (1)

whereP is a permutation matrix that will be defined soon. At
each block transmission time intervali, the blocks�s1(i) and
�s2(i) are forwarded to the first and the second antenna, respec-
tively. The important relationship from (1) is:

�s1(2i+ 1) = �P�s�2(2i); �s2(2i+ 1) = P�s�1(2i); (2)

which indicates that the transmitted block at time slot2i + 1
from one antenna is a conjugated and permuted version of the
transmitted block at time slot2i from the other antenna (with a
possible sign change). For flat fading channels, symbol blocking
is unnecessary and the design of (1) reduces to the well known
Alamouti ST Code withK = 1 andP = 1 [1]. However, it
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Fig. 1. Single Carrier Space-Time Transceiver model

will turn out that for frequency selective multipath channels, the
permutation matrixP is necessary.

The J � J matrix P can be drawn from the following set
fP(n)

J gJ�1n=0, whereJ signifies the dimensionality. Each permu-

tation matrixP(n)
J actually performs a reversed cyclic shift, i.e.,

for a J � 1 vectora := [a(0); a(1); : : : ; a(J � 1)]T , we have
[P

(n)
J a]i = a((J�i+n)modJ). Two important special cases are

P
(0)
J andP(1)

J . The permuted blockP(0)
J a = [a(J � 1); a(J �

2); : : : ; a(0)]T is actually a time-reversed version ofa, which

has been also utilized by [2, 8]. On the other hand,P
(1)
J a =

[a(0); a(J � 1); a(J � 2); : : : ; a(1)]T = F�1J FHJ a = FHJ F
H
J a

corresponds to taking IFFT twice on the vectora; thus, it is a
special case of theZ-transform approach proposed in [3], when
theZ-domain points are chosen equally spaced on the unit circle
as:fej 2�J ngJ�1n=0.

At each antenna� 2 [1; 2], a tall P � J transmit-matrixT
is applied on�s�(i) to obtainP � 1 blocks: u�(i) = T�s�(i),
before transmission through the frequency selective multipath
channels; the role ofT will be detailed soon.

With chip rate sampling at the receiver, we model the base-
band equivalent channel between the�th transmit antenna and
the receive antenna as a finite impulse response (FIR) filter with
coefficientsh�(0); : : : ; h�(L), whereL is the channel order;
this discrete time equivalent model includes the physical mul-
tipath channel as well as transmit and receive pulse shaping fil-
ters. Furthermore, in this paper, we consider a rich scattering
environment for whichh�(l)’s are well modeled as i.i.d. Gaus-
sian distributed random variable with variance1=(L+1) (corre-
lated cases are studied in [11]). Therefore, defining the channel
vector ash� := [h�(0); : : : ; h�(L)]

T , we denote the channel
covariance matrix asRh� = Efh�hH� g = IL+1=(L+ 1).

The received samplesx(n) are serial to parallel converted to
form P � 1 vectors:x(i) := [x(iP ); x(iP + 1); : : : ; x(iP +
P � 1)]T , and likewise for the noise vectorw(i). Let
H� be theP � P lower triangular Toeplitz channel matrix

with first column[h�(0); : : : ; h�(L); 0; : : : ; 0]T , andH(ibi)
� be

the P � P upper triangular Toeplitz matrix with first row
[0; : : : ; 0; h�(L); : : : ; h�(1)]. The block input-output relation-
ship of the FIR channels can be described by (see e.g., [9]):

x(i) =
P2

�=1[H�T�s�(i) +H
(ibi)
� T�s�(i� 1)] +w(i); (3)

where the second term in the sum accounts for the so-called Inter
Block Interference (IBI).

To allow for low-complexity block by block processing, a
receive-matrixR with appropriate dimensions is applied tox(i)
to get rid of the IBI. The latter is accomplished by choosing
(T;R) such that:

RH(ibi)
� T = 0: (4)

Among many other possibilities [11], two choices are popular
and will be discussed here. The first is the cyclic prefix (CP)
approach that is also adopted by conventional OFDM systems.
It corresponds to settingP = J + L, and selecting

T = Tcp := [ITcp; I
T
J ]

T ; R = Rcp := [0L�J ; IJ ]; (5)

whereIcp is a matrix formed by the lastL rows ofIJ . Indeed,
multiplyingTcp with �s�(i) replicates the lastL entries of�s�(i)
in its front. Unlike OFDM, our term CP-only reinforces the fact
that we here deal with single-carrier transmissions.

The second approach to removing IBI is zero padding (ZP)
[9], which amounts to choosingP = J + L and

T = Tzp := [ITJ ;0
T
J�L]

T ; R = IP : (6)

By substituting (5) or (6), into (4), we can verify that both
CP and ZP achieve IBI elimination. With either CP or ZP
transceiver pairs(T;R), the resulting IBI-free output becomes:

Rx(i) =

2X
�=1

RH�T�s�(i) +Rw(i): (7)

We next specify CP-only and ZP-only transmissions, and ana-
lyze their performance from a diversity perspective.

A. Cyclic Prefixing (CP)-only design

Here, the(T;R) pair is chosen to be(Tcp;Rcp) as in (5) and
we can thus re-write (7) as:

~x(i) := Rcpx(i) =
P2

�=1RcpH�Tcp�s�(i) + ~w(i)

: =
P2

�=1
~H��s�(i) + ~w(i);

(8)

where ~w(i) = Rcpw(i) denotes the truncated noise vector
and ~H� := RcpH�Tcp denotes the resulting equivalent chan-
nel matrix. From the definition ofTcp;H�, andRcp, we

441



can easily verify that~H� is circulant with entries[ ~H�]p;q =
h�((p � q)modJ) [9]. Circulant matrices have two nice prop-
erties that are exploited in this paper:
i) circulant matrices can be diagonalized by FFT operations:

~H� = FHJ D(~h�)FJ and ~HH
� = FHJ D(~h��)FJ ; (9)

whereD(~h�) := diag(~h�) is a diagonal matrix having~h� :=

[H�(e
j0); H�(e

j 2�
J ); : : : ; H�(e

j 2�
J
(J�1))] as its main diagonal,

with [~h�]p being the channel frequency responseH�(z) :=PL
l=0 h�(l)z

�l evaluated at the frequencyz = ej
2�
J
(p�1).

ii) pre- and post- multiplying the circulant matrix~H� by P
yields ~HT

� :

P ~H�P = ~HT
� and P ~H�

�P = ~HH
� : (10)

To verify (10), notice that:

[P
(n)
J

~H�P
(n)
J ]p;q = h�(q � p mod J) = [ ~H�]q;p:

With the ST design in (1) and (2), we can thus write the two
consecutive blocks as:

~x(2i) = ~H1�s1(2i) + ~H2�s2(2i) + ~w(i) (11)

~x(2i+ 1) = � ~H1P�s
�
2(2i) +

~H2P�s
�
1(2i) + ~w(2i+ 1): (12)

We next conjugate the permuted blockP~x(2i+1) and use (10)
to arrive at:

P~x�(2i+1) = � ~HH
1 �s2(2i)+

~HH
2 �s1(2i)+P ~w�(2i+1): (13)

Note that without the permutation matrixP inserted at the trans-
mitter, it would have been impossible to have the Hermitian of
the channel matrices that will prove instrumental for enabling
multiantenna diversity gains with linear receiver processing.

We will next pursue frequency domain processing by form-
ing y(2i) := FJ ~x(2i), y�(2i + 1) := FJP~x�(2i + 1), and
likewise ~�(2i) := FJ ~w(2i), ~��(2i + 1) := FJP ~w�(2i + 1).
For notational simplicity, we also defineD1 := D(~h1) and
D2 := D(~h2). Using (9) in (11) and (13), we obtain the FFT-
processed successive blocks as:

y(2i) = D1FJ�s1(2i) +D2FJ�s2(2i) + ~�(2i); (14)

y�(2i+1)=�D�
1FJ�s2(2i)+D

�
2FJ�s1(2i) + ~�(2i+1): (15)

Permutation, conjugation, and FFT operation on the received
blocks~x(i) do not incur any information loss and the additive
noise in (14) and (15) remains white. Therefore, relying on
y(2i) andy�(2i + 1) to perform symbol detection entails no
loss of optimality.

Defining�y(i) := [yT (2i);yH(2i+1)]T , we obtain from (14)
and (15) the matrix-vector representation:

�y(i) =

�
D1 D2

D
�
2 �D�

1

�
| {z }

:=D

�
FJs(2i)

FJs(2i+ 1)

�
+

�
~�(2i)

~��(2i+ 1)

�
; (16)

where the identities�s1(2i) = s(2i) and�s2(2i) = s(2i+1) have
been used following the design in (1).

We will further suppose here thath1 andh2 do not share
common roots, so that the diagonal matrix�D12 := [D�

1D1 +
D
�
2D2]

1=2 is invertible (see [11] for means of bypassing this as-

sumption). Based on the fact thatDH
D = I2 
 �D

2
12, where


 stands for Kronecker product, we can construct the unitary
matrix U := D(I2 
 �D

�1
12 ) which satisfies:UHU = I2J

andUH
D = I2 
 �D12. Multiplying �y(i) by UH does not

incur any loss of decoding optimality. Thus, forming�z(i) :=
[zT (2i); zT (2i+ 1)]T , we arrive at:

�z(i)=UH�y(i)=

�
�D12FJs(2i)
�D12FJs(2i+1)

�
+UH

�
~�(2i)

~��(2i+1)

�
(17)

where the noise��(i) := [�T (2i);�T (2i+ 1)]T is still white.
We deduce from (17) that the blockss(2i) ands(2i+1) can be

demodulated separately. Equivalently, we need to demodulate
s(i) from the following blocks:

z(i) = �D12FJs(i) + �(i): (18)

Deferring specific equalizer designs to Section III, we will now
focus on the benchmark performance of ML decoding to exam-
ine what is the best achievable performance.

Dropping the block indexi for brevity, we will henceforth
denote e.g.,s(i) by s. With perfect Channel State Information
(CSI) at the receiver, we consider the pairwise error probability
(PEP)P (s ! s0jh1;h2) that the symbol blocks is transmitted
but is erroneously decoded ass0 6= s. The PEP can be approxi-
mated using the Chernoff bound as

P (s! s0jh1;h2) � exp(�d2(z; z0)=4N0); (19)

whered(z; z0) is the Euclidean distance betweenz andz0.
Define the error vector ase := s� s0. Starting with (18), we

can express the distance as:

d2(z; z0) = j �D12FJej2 = eHFHJ
�D
2
12FJe (20)

= eHFH(D�
1D +D�

2D2)FJe = jD1FJej2 + jD2FJej2:
DefiningDe := diag(FJe), we have for each� 2 [1; 2] that
D�FJe = De

~h� = DeVh�, whereV is the firstL + 1

columns of
p
JFJ ; i.e., V :=

p
JFJ (:; 1 : L + 1). With

jD�FJej2 = jDeVh�j2, we can rewrite (20) as:

d2(z; z0) = jDeVh1j2 + jDeVh2j2: (21)

DefiningAe = DeV, we note thatAH
e Ae is symmetric and

non-negative definite; therefore, there exists a unitary matrixUe

such thatUH
e A

H
e AeUe = (L + 1)�e, where�e is a diagonal

matrix with non-increasing diagonal entries collected in the vec-
tor�e := [�e(0); �e(1); �e(L)]

T .
Let h0� :=

p
L+ 1UH

e h� have correlation matrixRh0

�
=

(L + 1)UH
e Rh�Ue = IL+1. Therefore,h0� is a zero mean

complex Gaussian vector with unit variance i.i.d entries. With
h0�, we can rewrite (21) as:

d2(z; z0) =

2X
�=1

(h0�)
HUH

e A
H
e AeUeh

0
�=(L+ 1)

=
LX
l=0

�e(l)jh01(l)j2 +
LX
l=0

�e(l)jh02(l)j2:
(22)
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Using (22), we average (19) with respect to the i.i.d. Rayleigh
random variablesj�h01(l)j; j�h02(l)j, to obtain the following upper
bound on the average PEP:

P (s! s0) �
LY
l=0

1

(1 + �e(l)=(4N0))2
: (23)

If re is the rank ofAe (and thusAH
e Ae), then�e(l) 6= 0 if and

only if l 2 [0; re � 1]. It thus follows from (23) that

P (s! s0) � (1=N0)
�2re

 
reY
l=0

�e(l)=4

!�2
: (24)

As in [6], we call 2re the diversity advantageGd;e and

[
Qre

l=0 �e(l)=4]
1=re the coding advantageGc;e of our system for

a given symbol error vectore. The diversity advantageGd;e de-
termines the slope of the averaged (w.r.t. the random channel)
PEP (betweens ands0) as a function of the signal to noise ratio
(SNR) at high SNR (N0 ! 0). Correspondingly,Gc;e deter-
mines the shift of this PEP curve in SNR relative to a benchmark
error rate curve of(1=N0)

�2re . Different from [6] that relied on
PEP to design (nonlinear) ST codes for flat fading channels, we
here invoke PEP bounds to prove diversity properties of linear
CP (or ZP)-only block transmissions over frequency selective
channels.

Since bothGd;e andGc;e depend on the choice ofe (thus ons
ands0), we define the diversity and coding diversity advantages
for our system respectively as:

Gd := min
e6=0

Gd;e; and Gc := min
e6=0

Gc;e: (25)

Because the matrixAH
e Ae has dimensionality ofL+1, we first

have the following result:The maximum achievable diversity for
CP-only isGd = 2(L+ 1).

Now let us check the diversity order actually achieved with
CP-only transmissions. The worst case is to selects = a1J�1
ands0 = a01J�1 such thate = (a � a0)1J�1 wherea; a0 2 A.
For these error events, the matrixDe = diag(FJe) has only one
non-zero entry, so thatre = 1. Therefore, the system diversity
order is

Gd = 2; for CP-only: (26)

This order 2 diversity is primarily coming from the two transmit
antennas and not from the multipath channels.

In the next subsection, we show that ZP-only achieves max-
imum diversity order provided by both multiantenna transmis-
sions and multipath channels.

B. Zero Padding (ZP)-only design

The transceiver pair(T;R) is now changed toT = Tzp

andR = IP as defined in (6). The transmitted blocks are thus
u�(i) = Tzp�s�(i) with L zeros padded at the end of each block.
TheseL guard zeros are instrumental since we can now replace
theP � P Toeplitz matrixH� in (7) byP �P circulant matrix
�H� with [ �H�]p;q = h�(p � qmodP ), thanks to the equality
H�Tzp = �H�Tzp. Therefore, we have

x(i) =

2X
�=1

�H�Tzp�s�(i) +w(i): (27)

Compared with (8), we can view ZP-only as a CP-only transmis-
sion but with information blocks precoded to yieldTzp�s�(i). To
follow the frequency domain linear processing of the CP-only
case, we need an equation like (2) but for the equivalent sym-
bol blocksTzp�s�(i). Unlike CP-only, where we had multiple

choices forP, here we need to fixP = P
(0)
J in (1) to achieve

this goal. We can then verify that:

Tzp�s1(2i+ 1) = �P(K)
P Tzp�s

�
2(2i);

Tzp�s2(2i+ 1) = P
(K)
P Tzp�s

�
1(2i);

(28)

only whenP = P
(0)
J is used in (1). Recognizing the resem-

blance between (27) and (8), and together with (28), we obtain
the following system output by taking similar steps to derive
(18) in CP-only:

�z(i) = �D
0

12FPTzps(i) + ��(i); (29)

where�D
0

12 := [ �D�
1
�D1+ �D�

2
�D2]

1=2 with the diagonal matrix de-
fined as�D� := diag(H�(e

j0); : : : ; H�(e
j 2�
P
(P�1))); and�z(i),

��(i) defined accordingly.
Let us now check the diversity gain achieved by ZP-only. De-

fine �� := FPTzp and �V :=
p
PFP (:; 1 : L + 1). We thus

obtain correspondingly�De = diag( ��e) and �Ae = �De
�V. Sim-

ilarly, with re = rank( �Ae), the system diversity gain for ZP-
only is 2re. Since �� here is a Vandermonde matrix and any of
its K rows are linearly independent,��e has at least(L + 1)

nonzero entries for anye. Indeed, if ��e has onlyL nonzero
entries for somee, then it hasK zero entries. Picking the corre-
spondingK rows of �� to form the truncated matrix��, we have
��e = 0. The latter shows that theseK rows are linearly depen-
dent, which is impossible. With�De = diag( ��e) having at least
L + 1 nonzero diagonal entries, we have that�Ae = �De

�V has
full rank because anyL+1 rows of �V are linearly independent.
Thus, the maximum achievable diversity gain is indeed achieved
by ZP-only; i.e.,

Gd = 2(L+ 1) for ZP-only. (30)

More general, it is shown in [11] thatGd = NtNr(L+1) when
Nt transmit- andNr receive- antennas are used.

Compared with CP-only, the advantage of ZP-only is that full
multipath diversity is gained with the same redundancy used to
get rid of IBI. Furthermore, we emphasize here that the process-
ing for ZP-only in (29) isoverall ML optimal, which is never
the case for CP-only because the cyclic prefix that is discarded
at the receiver contains information about the symbolss(n) we
want to detect.

III. D ISCUSSION ON EQUALIZATION OPTIONS

To unify (18) and (29), let us express the system output after
frequency domain linear ML processing as:

z(i) = As(i) + �(i); (31)
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with the correspondingA’s being

A = �D12FJ CP-only (32)

A = �D
0

12FPTzp ZP-only (33)

A = �D12 CP-OFDM (34)

where (34) is copied from [4] for the ST encoded OFDM.
For our information blockss(i) with lengthK, ML decoding

based on (31) needsjAjK enumerations (jAj is the cardinality
of the alphabet), which is certainly prohibitive when the constel-
lation size and/or the block length increases. A relatively faster
ML search is possible with the sphere decoding (SD) algorithm,
which only searches for vectors that are within a sphere centered
at the received symbols [7]. The theoretical complexity of SD is
polynomial inK, which is better than exponential but still too
high for large block sizeK.

Linear Zero-Forcing (ZF) and MMSE equalizers certainly of-
fer low complexity alternatives, but they may not be able to col-
lect the full diversity. An encouraging observation from our sim-
ulations indicates that linear equalization comes close to the ML
performance when the multi-antenna diversity increases.

We refer the reader to [10] for detailed complexity compar-
isons of various equalizers. We underscore here that the mul-
tiantenna diversity is first achieved by simple linear processing
in the frequency domain, and the overall receiver complexity
mainly depends on multipath channel equalization; thus, space
time coded transmissions have almost the same receiver com-
plexity as with the single antenna system in [10].

IV. SIMULATIONS

To test the system performance, we setL = 2 (3-ray chan-
nels) and the block sizeK = 8. We assume that the channels
between each transmit and each receive antenna are i.i.d. Gaus-
sian distributed with covariance matrixIL+1=(L + 1). We use
QPSK constellations and useEb=N0 to denote the average re-
ceived bit energy to noise ratio on each receive antenna. With
Nt = 2 andNr = 1, we infer from Fig. 2 that ZP-only out-
performs CP-only and CP-OFDM significantly, especially with
linear ZF equalizers becauseA in (31) is guaranteed to have full
rank for ZP-only which is not the case for CP-only [11]. How-
ever, SD equalization yields similar performance for both CP-
only and ZP-only in the considered SNR range; explanations
are given in [11].

In Fig. 3, we increase our multiantenna diversity by deploy-
ing Nr = 2; 4 receive antennas. For CP-only and CP-OFDM
transmissions, the multiantenna diversity goes up to2Nr = 4; 8,
while the total diversity offered by ZP-only now increases to
2Nr(L + 1) = 12; 24. Similar to Fig. 2, ZP-only outper-
forms CP-only and CP-OFDM. However, an interesting obser-
vation is that the difference between linear ZF and near-optimal
SD equalization becomes smaller as multi-antenna diversity in-
creases. WithNr = 4, the difference between ZF and SD equal-
izers for ZP-only and CP-only is only within several tenths of
a dB, which is very encouraging from an overall performance-
complexity perspective.
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