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Abstract | Novel blind channel estimators based on

the �nite alphabet property of information symbols

are derived in this paper for OFDM systems. The re-

sulting algorithms are applicable not only to standard

OFDM transmitters with cyclic pre�x, but also to the

recently proposed zero padded OFDM transmissions.

Based on FFT-processed received data, channel iden-

ti�ability is guaranteed regardless of channel zero lo-

cations and various channel estimation algorithms be-

come available by trading o� complexity with perfor-

mance. Unlike existing blind channel estimators, the

inherent scalar ambiguity is reduced to �nite phase val-

ues and is thus easily resolved. With PSK transmis-

sions, channel estimation becomes possible even from a

single OFDM symbol at high SNR. The algorithms are

tested with simulations and also compared with exist-

ing alternatives in a realistic HIPERLAN/2 setting.

I. Introduction

Holding great promise for high rate transmissions, Orthogonal
Frequency Division Multiplexing (OFDM) is currently being
adopted and tested for many standards, including digital audio
and video broadcasting (DAB, DVB) in Europe and high speed
DSL modems over twisted pairs in the US. OFDM has also been
proposed for local area mobile wireless broadband standards
including IEEE802.11a, MMAC and HIPERLAN/2 [7].

In order to avoid Inter Symbol Interference (ISI) arising due
to channel memory, conventional OFDM systems �rst take the
inverse Fourier transform (IFFT) of data symbols and then in-
sert redundancy in the form of a Cyclic Pre�x (CP) of length
larger than the FIR channel order [1]. CP is discarded at the re-
ceiver and the remaining part of the OFDM symbol is FFT pro-
cessed. Combination of IFFT and CP at the transmitter with
the FFT at the receiver converts the frequency-selective channel
to separate 
at-fading subchannels (see e.g., [1]). Frequency-
domain channel equalization is then applied by dividing the
FFT output by the corresponding channel frequency response.
However, symbol recovery is not assured if the channel has nulls
on (or close to) some subcarriers. Recently, trailing zeros (TZ)
are proposed in [6] to replace the CP, in order to guarantee sym-
bol recovery regardless of channel zeros at the cost of modifying
the transmitter and complicating the equalizer.

Because they save bandwidth and are capable of coping with
channel variations, blind channel estimation and equalization
methods are well motivated since they avoid the use of train-
ing sequences. Numerous blind channel estimators have been
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developed based on cyclostationarity [4], or subspace decom-
positions that exploit the TZ and the CP structure in OFDM
transmissions [6],[5].

In this paper, we develop a new channel estimation method
that is applicable to both CP- and TZ-OFDM transmissions
and relies on the �nite alphabet property of information-
bearing symbols. Unlike subspace methods developed for CP-
OFDM, channel identi�ability is guaranteed here even when
the channel has nulls on subcarriers. Moreover, subspace based
methods for both CP- and TZ-OFDM require collection of long
enough data records to render the data covariance matrix full
rank [5],[6]. In contrast, PSK transmissions with the novel
method enable channel estimation even from a single OFDM
symbol at high SNR. Reducing the size of required samples
equips the proposed method with the ability to track even fast
channel variations. Inherent to all blind channel estimation
methods is a scalar ambiguity. However, by exploiting the �-
nite alphabet property the scalar ambiguity in our algorithms
is restricted to a few phase values and is thus easily resolved.

The rest of this paper is organized as follows: Section II de-
velops a unifying OFDMmatrix model that incorporates neatly
both CP and TZ variants. Section III presents the new chan-
nel estimation methods. Simulations and comparisons are pre-
sented in Section IV and conclusions are drawn in Section V.

II. Matrix Formulation of CP- and TZ-OFDM
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Figure 1: Conventional CP-OFDM system

The block diagram in Fig. 1 describes the conventional CP-
OFDM system. First, the information stream s(n) is parsed
into M -long blocks: s(i) := [s(iM); s(iM+1); : : : ; s(iM+M�
1)]T , where the block index i := bn=Mc, and b c denotes the
integer-
oor. The M�1 symbol block s(i) is then mapped to a
P � 1 vector u(i) := [u(iP ); u(iP + 1); : : : ; u(iP + P � 1)]T by
taking the IFFT of s(i) and replicating the last P �M elements
in the front to form the CP.

Let Icp denote the last P �M rows of the M �M identity
matrix IM and FM be the M �M FFT matrix with (m;n)
entry (1=

p
M) exp(�j2�mn=M). We describe the CP insertion

using the P �M transmit-matrix Tcp := [ITcp; I
T
M ]T . Matrix

Tcp along with the IFFT matrix FHM allow us to express the
ith transmitted block as: u(i) = TcpF

H
Ms(i), where

H denotes
Hermitian transpose.



Let h(l); l 2 [0; L] be the equivalent discrete time Lth order
FIR channel impulse response. The received signal sampled at
the chip rate can then be written as:

x(n) = h(n) ? u(n) + �(n) =

LX
l=0

h(l)u(n� l) + �(n); (1)

where �(n) = �(t)jt=nTc is �ltered Additive Gaussian Noise
(AGN). To avoid ISI, we assume that the CP length is larger
than the channel order and state it formally as:
a0) P �M � L.

To cast (1) from a serial to a convenient matrix-vector form,
we de�ne the P �1 vectors: x(i) := [x(i); x(iP +1); : : : ; x(iP +
P � 1)]T , �(i) := [�(iP ); �(iP + 1); : : : ; �(iP + P � 1)]T ,
and the Toeplitz channel matrices H0;H1 with �rst column
[h(0); : : : ; h(L)]T , �rst row [h(0); : : : ; 0] for H0; and �rst col-
umn 0P�1, �rst row [0; : : : ; h(L); : : : ; h(1)] forH1, respectively.

Relying on a0) and the fact that h(l) = 0; 8l 62 [0; L], we can
write (1) as:

x(i) = H0u(i) +H1u(i� 1) + �(i); (2)

where the second term denotes Inter Block (and thus inter-
OFDM-symbol) Interference (IBI).

At the receiver, the CP of length P �M is removed �rst
and FFT is performed on the remaining M � 1 vector. In ma-
trix form, this is accomplished with the receive-matrix Rcp :=
[0M�(P�M); IM ] which removes the �rst P �M entries from a
P � 1 vector. According to a0), RcpH1 = 0 removes IBI (and
thus ISI) among OFDM symbols to obtain:

ycp(i) = FMRcpx(i) = FMRcpH0u(i) + FMRcp�(i)

= FMRcpH0TcpF
H
Ms(i) + ~�cp(i)

= FM ~HFHMs(i) + ~�cp(i);

(3)

where ~�cp(i) := FMRcp�(i) is the �ltered noise vector and
~H = RcpH0Tcp is the resulting channel matrix. It can be easily
veri�ed that ~H is an M �M circulant matrix with its (k; l)th
entry given by h((k � l) mod M). Because ~H is a circulant
matrix, it is well known that FM ~HFHM is a diagonal matrix
D(H) := diag(H(0); H(exp(j2�=M)); : : : ; H(exp(j2�(M �
1)=M))), where the diagonal elements are values of the channel
frequency response H(z) =

PL
l=0 h(l)z

�l evaluated at the sub-
carriers z = exp(j2�m=M), m = 0, 1, : : : , M� 1 (see e.g., [3,
p. 202] for a proof). Therefore, we can rewrite (3) as:

ycp(i) = D(H)s(i) + ~�cp(i): (4)
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Figure 2: TZ-OFDM system

An alternative approach to removing IBI is to add trailing
zeros (TZ) instead of the CP, as shown in Fig. 2 (see also [6]).
To implement TZ at the transmitter, the mapping matrix Tcp

must be replaced by: Ttz := [ITM ;0TM�(P�M)]
T . Note that

IBI is canceled now at the transmitter because H1Ttz = 0.
Therefore, u(i) = TtzF

H
Ms(i), and

x(i)=H0u(i)+H1u(i�1)+�(i)=H0TtzF
H
Ms(i)+�(i): (5)

Because matrix H0TtzF
H
M is full rank, time domain Zero-

Forcing (ZF) equalization can be applied to recover the trans-
mitted data as detailed in [6]. Furthermore, TZ-OFDM can
also adopt an FFT-based low complexity receiver. Indeed, if
we let Itz denote the �rst P �M columns of IM , the matrix
Rtz := [IM ; Itz] maps a P � 1 vector to an M � 1 vector by
adding the last P �M elements to its �rst P �M elements.
After performing FFT on Rtzx(i), we obtain:

ytz(i)=FMRtzx(i)=FMRtzH0TtzF
H
Ms(i)+FMRtz�(i): (6)

De�ning ~�tz(i) := FMRtz�(i) and verifying that RtzH0Ttz =
[IM ; Itz]H0[I

T
M ;0T ]T = ~H allow us to re-write (6) as:

ytz(i) = FM ~H0F
H
Ms(i) + ~�tz(i) = D(H)s(i) + ~�tz(i): (7)

Equations (4) and (7) reveal that CP-OFDM and TZ-OFDM
yield the same equivalent channel model and both convert
the FIR convolutive channel to parallel 
at fading subchan-
nels. Through the transmit-receive mappers (Tcp;Rcp) and
(Ttz;Rtz) introduced herein, it is transparent that both ap-
proaches turn linear convolution into circular convolution that
can be e�ciently implemented via FFTs.

Unlike subspace-based channel estimation methods [6, 5]
that utilize structure information of the pre-FFT-processed
data x(i), our channel estimation methods will rely on post-
FFT-processed data ycp(i) of (4) or ytz(i) of (7), which will be
henceforth adopted for both CP-OFDM and TZ-OFDM. There-
fore, we subsequently drop the subscripts cp=tz and express (4)
and (7) in scalar form as:

y(i;m) = H(�m)s(i;m) + ~�(i;m); m 2 [0;M � 1]; (8)

where we assign a double argument (i;m) to quantities with ar-
gument n = iM+m and introduce f�m := exp(j2�m=M)gM�1m=0

for notational brevity.

III. Blind Channel Estimation

We will start with channel identi�ability issues from the noise-
less version of (8): y(i;m) = H(�m)s(i;m), where we omitted
noise since we are concerned with basic feasibility questions
�rst. Henceforth, we will also assume that:
a1a) Symbols are drawn from a �nite alphabet set of size Q;
i.e., s(i;m) 2 f�qgQq=1;
a1b) Symbols are equiprobable (Pr(s(i;m)=�q) = 1=Q, 8q);
a2) Noise ~�(i;m) is zero-mean complex circular Gaussian and
independent of s(i;m).

Assumption a1a) implies the following equation:QQ
q=1[s(i;m)��q] = 0. Expanding the product yields a

Qth-order polynomial in s(i;m): sQ(i;m) + �1s
Q�1(i;m) +

� � �+�Q = 0, where �1; : : : ; �Q are determined by the constel-
lation f�qgQq=1 and can not all be zero. Let J be the smallest

index of nonzero elements in the coe�cient set f�jgQj=1, i.e.,
De�nition 1: We de�ne J such that �J 6= 0; �n = 0; 8n < J .

We can easily verify that J = 2 for BPSK, while J = 4 for
QPSK and QAMs. The facts that J � Q and that for large
signal constellations J�Q, will play a key role in the rest of
our paper.

Under a1b), we prove in [8] that E
�
sJ(i;m)

	
= �(J=Q)�J 6=

0. Hence, starting from E
�
yJ(i;m)

	
= HJ(�m)E

�
sJ(i;m)

	
,

we deduce that:

HJ (�m) =
�Q
J�J

E
n
yJ(i;m)

o
; 8m 2 [0;M � 1]: (9)



To express HJ(�m) in terms of h(n), we �rst de�ne �TJ :=
[�0; : : : ; �JL]

T = h(n) ?J h(n) the J-fold convolution of h(n)
with itself that we denote as ?J . It then follows that:
HJ (�m) := HJ(z)jz=�m := (�0 + � � � + �JLz

�JL)jz=�m . To
determine the coe�cients �0; : : : ; �JL uniquely from HJ(�m),
we need JL + 1 distinct such equations that become available
when �m takes JL+1 distinct values. Therefore, selecting block
length M � JL + 1 allows one to �nd �0; : : : ; �JL uniquely,
which enables determination of HJ(z) =

PJL
i=0 �iz

�i on the
entire complex plane. Observing that HJ(z) is formed by all
the roots of H(z) with multiplicity J , we can extract from the
roots of HJ(z) those L roots that form H(z). This implies that
H(z) is uniquely identi�able up to a scalar ambiguity, as we
summarize in the following proposition:
Proposition 1: If the length of a symbol block M (which is a
system design parameter) satis�es M � JL + 1, identi�ability
of the Lth-order channel H(z) is guaranteed from the demodu-
lated data y(i;m) = H(�m)s(i;m) under assumptions a1a) and
a1b) with J speci�ed as in De�nition 1.

With channel nulls on subcarriers, symbols are not recov-
erable as one can verify from (8). Although equalizability is
not assured, blind channel identi�ability is established here by
Proposition 1 regardless of channel zero locations, unlike the
subspace based method derived in [5] for CP-OFDM.

Under a2), we have Ef~�n(i;m)g = 0 8n > 0, regard-
less of the noise color. Note also that ~�(i;m) is complex
circular Gaussian even with BPSK because it models noise
after FFT processing. With J as in De�nition 1, a2) im-
plies that EfyJ(i;m)g = Ef[H(�m)s(i;m) + ~�(i;m)]Jg =
HJ (�m)EfsJ(i;m)g, and hence (9) still holds true. In practice,
EfyJ(i;m)g is replaced by consistent sample averages (over I
blocks), and thus HJ(�m) is estimated as:

ĤJ(�m) =
�Q
J�J

 
1

I

I�1X
i=0

yJ(i;m)

!
; m 2 [0;M � 1]: (10)

We next collect ĤJ(�m) from (10) in an M � 1 vec-

tor: ~̂hJ := [ĤJ(�0); : : : ; Ĥ
J(�M�1)]

T , and de�ne ma-
trix VJ := [vJL+1(�0); : : : ;vJL+1(�M�1)]

T , where vD(�) :=
[1; ��1; : : : ; ��D+1]T is a D�1 Vandermonde vector formed by

the constant �. With ~̂hJ = VJ �̂J describing the Z-transform
of �̂J evaluated at fz = �mgM�1m=0 , �J can then be estimated by
a simple inversion ( y denotes matrix pseudo-inverse) as:

�̂J = VyJ
~̂hJ : (11)

Relying on the FFT-processed data y(i;m) in (8) and capital-
izing on the �nite alphabet of s(i;m), (10) and (11) provide
su�cient information to recover h. Starting from time domain
vector (11) only, and based on the fact that �J has all L roots
of h with multiplicity J , we can search over JL noisy roots of
�̂J and �nd that combination of L roots that matches h best.
(this corresponds to the Root Selection (RS) algorithm in [8]).
However, complexity of the RS increases fast as J; L increase
and this nonlinear algorithm will exhibit sensitivity when roots
are to be found in the presence of noise. It is possible however,
to derive a Linear Equations (LE) based channel estimator by
observing that �̂J is the J-fold linear convolution of ĥ [8]. Al-
though very simple to implement, the LE method is prone to
noise-induced error propagation when jh(0)j, or jh(L)j, is small.
Therefore, the LE method is only well motivated for wired-line
applications where the strong path is synchronized as the �rst

path. We next will describe channel estimators starting from
the frequency domain estimates in (10).

A. Minimum-Distance algorithms

Given ĤJ(�m) estimates from (10), we develop here two
Minimum Distance (MD) approaches. For each m 2
[0;M � 1], we have Ĥ(�m) = �m[Ĥ

J (�m)]
1=J , where

�m 2 fexp(j2�n=J)gJ�1n=0 is the corresponding scalar ambi-
guity in taking the Jth root, 8m. To resolve these am-
biguities, we exhaustively search over all JM possible vec-

tors ~̂h1 := [�0[Ĥ
J (�0)]

1=J ; : : : ; �M�1[Ĥ
J(�M�1)]

1=J ]T . For

each ~̂h1, we compute the corresponding time domain vector

through Least Squares �tting: ĥ1 = Vy1
~̂h1, where V1 :=

[vL+1(�0); : : : ;vL+1(�M�1)]
T is the Vandermonde matrix that

relates channel frequency responses with time domain channel
coe�cients. Channel estimates are then found by minimizing
the Euclidean distance:

ĥ = arg min
ĥ1
k�̂J � ĥ1 ?J ĥ1k: (12)

Instead of (12), a joint maximum likelihood (ML) channel
and symbol estimation could be pursued based on the noisy
data in (8), by searching for the best �t over all possible symbol
and channel combinations. Because both ML and MD resort
to exhaustive search, it is of interest to compare them. If we
collect I blocks (each of length M), the complexity of ML for a
Q-ary constellation is proportional to QIM while the complex-
ity of MD reduces to only JM by exploiting the known signal
constellation to eliminate the unknown symbols s(i;m). MD
and ML have the same complexity when the ML operates on a
single block and the constellation has size J = Q. In this case
however, the MD will perform signi�cantly better than ML be-
cause it decreases additive noise through block averaging (c.f.
(10)) rather than operating on the scalar noisy samples of (8).
Although less complex than ML, the MD approach is still too
complex to be implemented because often M � L in practical
systems. However, it is always useful as a bound to benchmark
performance of simpler channel estimators.

Because the channel order L < M , the MD method does not

require the entire vector ~̂h1 to obtain the time-domain channel
estimate ĥ1. This observation motivates the following modi�ed
Minimum Distance (MMD) algorithm:

1) select �N elements from ~̂h1 and form a new �N � 1 vector ~�h.

For J
�N possible ~�h, we obtain the time domain ĥ1 = �Vy~�h, where

�V is constructed from V1 by keeping only the corresponding �N
rows. The only requirement on �N is to satisfy �N � L+1, such
that �Vy exists. We can choose those �N elements with largest
absolute values, or simply focus on �N equispaced subcarriers.
2) obtain channel estimates as in (12).

The complexity is now reduced from JM to J
�N � JL+1, ren-

dering the MMD algorithm a�ordable for low order channels.
Presence of (say Np) pilot tones will reduce the complexity of
MMD further. Indeed, as we will describe later on, we can
determine the phases �m on those pilot carriers (c.f. (13)). In-

cluding those frequency responses in ~�h, we only need to search
over J

�N�Np possible choices. The complexity is then 1=JNp of
that without pilot tones, which makes the MMD applicable to
longer channels with the same complexity.

B. Phase Ambiguity Resolving algorithm

As described in the MD approach, for each m we obtain
Ĥ(�m) = �m[Ĥ

J(�m)]
1=J up to a scalar ambiguity constant



�m 2 fexp(j2�n=J)gJ�1n=0 . Suppose that initial estimates
Ĥ0(�m) are available. For each m 2 [0;M � 1], we can re-
solve the phase ambiguity by searching over J candidate phase
values:

�̂m = arg min�m jĤ0(�m)� �m[Ĥ
J(�m)]

1=J j2: (13)

Therefore, we can improve channel estimation accuracy
through the Phase Ambiguity Resolving (PHAR) steps that
we describe next:
S1) set i1 = 0, �nd an initial estimate ĥ0 using low complexity
methods, and calculate the frequency response Ĥ0(�m) for
m = 0; 1; : : : ;M � 1.
S2) in each successive iteration, set i1 := i1 + 1, and
a) resolve phase ambiguities by replacing Ĥ0(�m)

with Ĥi1�1(�m) in (13) and form the vector ~̂h1 :=
[�̂0[Ĥ

J (�0)]
1=J ; : : : ; �̂M�1[Ĥ

J(�M�1)]
1=J ]T ;

b) update channel estimates ĥi1 = Vy1
~̂h1, and their frequency

response using ~̂hi1 = V1ĥi1 .
S3) repeat S2 several (say I1) times, or, continue until
~hi1 � ~hi1�1 in the Euclidean norm sense.

It is worth recalling that J = 2 for BPSK and hence �m 2
f�1g. For the widely used QPSK, 16QAM and 64QAM we
have J = 4 so that �m 2 f�1;�jg. These few phase values
can be resolved easily via (13) with high accuracy even when
coarse initial channel estimates are only available.

An alternative means of capitalizing on the �nite-alphabet
is the Decision-Directed (DD) algorithm (see e.g., [8]), which
performs symbol estimation �rst based on initial channel esti-
mates and then estimates the channel by treating the symbol
estimates as known symbols. Serving a similar purpose, the
PHAR algorithm outperforms the DD iteration for two rea-
sons:

i) The DD algorithm diverges easily at low SNR because symbol
by symbol detection has poor performance. The smallest
Bit Error Rate (BER) will be that corresponding to known
channels. In contrast, the PHAR algorithm can reduce noise
e�ects (and thus channel estimation error) to arbitrarily low
levels by collecting more and more blocks. Therefore, channel
estimation accuracy can be improved consistently;

ii) DD performance degrades as the constellation size increases
because the minimum Euclidean distance among constella-
tion points decreases. In the PHAR algorithm however, J = 4
for all QAM signals and the same number of possible phase
values f�1;�jg is present regardless of the constellation size.

The price paid by PHAR is a certain amount of \mismatch
noise" that arises due to �nite sample e�ects when ensemble
quantities in (9) are replaced by sample averages in (10). This
mismatch is not present with PSK signals because sJ(i;m)=�1
(or 1 for BPSK) deterministically; i.e., ensemble averages co-
incide with sample averages. In noise-free reception, the DD
algorithm converges to the ML solution and perfect channel
estimates are obtained. PHAR on the other hand, will be af-
fected by the �nite sample size for signals other than PSK and
its channel estimation error curves will level-o� (
oor e�ect).
However, the error 
oor can be lowered to a prescribed level by
collecting a su�cient number of blocks. Alternatively, it is even
possible to eliminate the error 
oor by applying the DD iter-
ation only once. This remedy though is only e�ective at high
SNR values for large signal constellations, as will be illustrated
in our simulations.

In addition to having low complexity and high channel es-
timation accuracy, the PHAR algorithm lends itself naturally
to tracking. Among many window choices, we can form sliding
window (of size W ) channel estimates by averaging only the W
most recently received blocks fy(i)gIi=I�W+1 in (10) to obtain:

ĤJ
i+1(�m)=ĤJ

i (�m)+
�Q
J�J

[yJ(i+1;m)�yJ(i�W+1;m)]: (14)

We then can apply the PHAR algorithm to the new estimates
fĤJ

i+1(�m)gM�1m=0 and use the current ĤJ
i (�m) as an initial es-

timate Ĥ0(�m) in (13). Combining channel estimates in (14)
with the phase resolving step of (13) equips PHAR with a low
complexity tracking capability.

Because training sequences are provided in practical sys-
tems, we can initialize our PHAR algorithm either for improv-
ing channel estimation accuracy or for tracking channel varia-
tions with training based channel estimates. Such a semi-blind
channel estimation method has only linear complexity and is
thus very simple when compared to the cubic complexity of
matrix SVD decompositions required by subspace based meth-
ods.

PHAR advantages over DD have practical rami�cations. In
a nutshell: either starting from low complexity blind channel
estimators, or, by exploiting training sequences present in cur-
rent OFDM standards, the PHAR algorithm yields the best
achievable MD performance with reduced complexity and is
capable of tracking slow channel variations.

C. Distinct features

We present next some unique characteristics of our channel
estimation methods.

C.1. Noise effects and convergence issues

To appreciate how our blind channel estimators handle noise
e�ects, it is of interest to compare them with benchmark
methods that are based on training. For one training block
fs(i;m)gM�1m=0 , we receive y(i;m) = H(�m)s(i;m)+~�(i;m). The
e�ective signal to noise ratio (SNR) for channel estimation is
thus jH(�m)j2 �2s=�2~�, where �2s (�2~�) stands for signal (noise)
power. Our blind methods will �rst take the Jth power of the
received FFT-processed data to obtain:

yJ(i;m)=HJ(�m)s
J(i;m)+J ~�(i;m)s(i;m)H(�m)+O(~�2(i;m)):

The SNR pertinent to channel estimation is now
jH(�m)j2 �2s=(J2�2~�), showing 10 log(J2)dB (6dB for BPSK)
loss relative to the training based method. However, this
noise enhancement can be remedied by averaging across
many (say I) blocks as per (10), which increases the SNR by
10 log10I (dB). Therefore, our method based on I = 4 BPSK
OFDM symbols (or I = 16 for QPSK, 16QAM and 64QAM)
approximates the channel estimation accuracy reachable by
one training block. As additional blocks become available,
channel estimation accuracy improves and our blind method
outperforms the bandwidth-consuming training based method.

In addition to alleviating noise e�ects, block averaging in
(10) approximates ensemble quantities by sample averaging.
For constellations other than PSK, we need to collect su�cient
number of blocks to decrease such �nite sample e�ects that are
prevalent especially at high SNR where additive noise can be
omitted. Recall however, that sJ(i;m) assumes a small num-
ber of values e.g., 4 distinct values for 16QAM and 16 distinct
values for 64QAM signaling. This alleviates the requirement



on the number of blocks I. For PSK transmissions, our chan-
nel estimators do not rely on statistical properties of s(i;m)
as required by assumption a1b) since sJ(i;m) = �1 (or 1 for
BPSK) deterministically. Even one block is then su�cient to
yield reliable channel estimates at high SNR with guaranteed
channel identi�ability.

C.2. Scalar ambiguity determination

All blind estimators of a channel h come with an inherent (gen-
erally complex) scalar ambiguity, namely blind channel esti-
mates ĥ satisfy h = �ĥ, where � 2 C . In practice, a few pilot
tones are used to determine � by comparing the estimated with
the known frequency response on those pilot carriers. Because
both channel estimates as well as pilot tones are contaminated
by noise, such a matching may not be accurate. It can even be
misleading if the channel responses on those pilot carriers are
not estimated accurately. However, because HJ(z) = �JĤJ(z)
in our approach, the scalar ambiguity reduces from in�nite
choices to the �nite set fexp(j2�n=J)gJ�1n=0. As J = 2 or 4
for most practical signal constellations, the set is simply f�1g
or f�1; �jg. Thus, the task of recovering � is simpli�ed con-
siderably. Only one pilot symbol su�ces to resolve this phase
ambiguity by picking the correct phase from a few choices.

Note that our simpli�ed scalar determination can also be uti-
lized by other blind channel estimation methods. For example,
the subspace methods of [5] and [6] can estimate the channel
as ĥs �rst, based on structure information. They can then ex-
ploit the �nite alphabet property of the symbols and reduce the
scalar ambiguity � to J �nite values by matching �J ĥs ?J ĥs
with �̂J . Therefore, simply by reducing the scalar ambiguity
to a �nite phase values �rst, one can resolve the phase ambi-
guity accurately using a few pilots even for other blind channel
estimation methods [5],[6].

IV. Comparisons and Simulated Performance

In this section, we will illustrate the merits of our
blind channel estimators through simulations. The �g-
ure of merit here is the normalized least-squares chan-
nel error (NLSCE) de�ned in the frequency domain as:PM�1

m=0 [H(�m)� Ĥ(�m)]
2=
PM�1

m=0 [H(�m)]
2.

Test case 1: We set M = 16, L = 1 (two-ray channels),
I = 200, and average over 500 randomly generated channels
each with independent Rayleigh distributed taps. We test
four widely used signal constellations: BPSK, QPSK, 16QAM,
64QAM. However, due to space limitations and the similar be-
havior exhibited by BPSK and QPSK, 16QAM and 64QAM,
we will only show representative results for BPSK and 64QAM.
To allow for a fair comparison among di�erent signal constel-
lations, we normalize signal power to the same bit energy Eb.
To benchmark our blind channel estimation methods, we also
examined a standard training (TR) based method that relies
on two known symbol blocks:

We present in Figs. 3 and 4 the TR, MD, MMD channel
estimators (with �N = L+1 equispaced subcarriers) as well as
the MMD followed by several PHAR or DD iterations; First,
we see that MD benchmarks all other blind channel estimators
and outperforms the TR method. The MMD o�ers rather good
channel estimates, it outperforms the TR with BPSK and it is
comparable to TR with 64QAM. Few PHAR (I1 = 2) re�ne-
ments su�ce to make the MMD algorithms approach the best
achievable MD performance. At low SNR, DD diverges due
to a poor symbol estimation step. However, PHAR improves

signi�cantly by averaging across blocks. Error 
oor appears
when our method is applied to large signal constellations at
high SNR. However, the error 
oor can be lowered by collect-
ing more blocks. In Figs. 5 and 6, we initialize PHAR and DD
with channel estimates obtained from training. We see that the

oor level decreases as the number of blocks increases in Fig. 6.
We can eliminate this error 
oor by applying one DD iteration
to TR-PHAR (denoted by TR-PHAR-DD). In Fig. 6, we see
that TR-PHAR-DD outperforms TR-PHAR for Eb=N0 > 7dB.
However, it diverges at low SNR due to the limited symbol
estimation accuracy. There is no error 
oor for PSK transmis-
sions and as we deduce from Fig. 5, TR-PHAR is always better
than TR-PHAR-DD. Therefore, applying one DD iteration is
only e�ective at high SNR and for large signal constellations.
However, in such cases we see from Fig. 6 that PHAR o�ers
accurate enough channel estimates.
Test case 2: Here we test application of the PHAR algorithm
to the HIPERLAN/2 system [7] where OFDM transmission is
utilized withM = 64 subcarriers (frequency spacing 312:5kHz)
and a CP of length L = P�M = 16. Note that M < 4L + 1
which according to Proposition 1 implies that blind channel
identi�ability holds for BPSK, but not for QPSK and 16 or
64QAM signaling with J = 4. However, we can apply the
PHAR algorithm directly to the standard with training based
initialization, because the identi�ability requirement is now re-
duced to M � L+ 1 thanks to known training symbols.

We compare performance of the classical training based
method against our semi-blind TR-PHAR method using the
channel model A in [2] with truncated L+1 = 17 taps that are
Rayleigh distributed. For space limitations, we only present
the result for slowly time-varying channels with Jakes's Doppler
spectrum at v = 10m/s and a typical SNR of Eb=N0 = 10dB
with a sliding window of size W = 100 in (14). Fig. 7 veri�es
that TR-PHAR tracks closely, while TR is unable to track slow
channel variations. TR-PHAR's excellent tracking capability
supports its potential in mobile communications.

V. Conclusions

A new �nite-alphabet based channel estimation approach has
been developed in this paper and shown to possess attractive
features not only for the classical CP-OFDM but also for the
modi�ed TZ-OFDM. Being simple and 
exible it holds high
application potential for existing OFDM standards and fu-
ture generation multicarrier systems. Those include also wide-
band CDMA hybrids that rely on multicarrier transmissions
to suppress multi-user interference and reduce channel estima-
tion to the OFDM-like single-user problem treated in this pa-
per. The channel estimation algorithms derived herein o�er
choices to trade o� performance with complexity, while guar-
anteeing channel identi�ability regardless of channel zero loca-
tions. They reduce estimation of the scalar ambiguity inherent
to all blind channel estimators to a small number of phase val-
ues. Especially with PSK modulated signals, high estimation
accuracy is achieved with minimal received data. By exploiting
training data usually speci�ed in OFDM standards, semi-blind
and adaptive implementations were shown to improve estima-
tion accuracy and be capable of tracking channel variations
with surprisingly low complexity.
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